






































































































































































































































































































































PHYS 362 Problem Set 1

This problem set is due Monday January 19, 2009, either in class or by 5pm
in ERP 219.

1. Collisions of air molecules

In class I mentioned that air molecules undergo collisions every ∼ 10−9 s
on average. Do you believe me? Estimate this number for yourself. Don’t
worry about factors of two - you just want to check the order of magnitude.
Your starting points should be the density and temperature of air in the
room, and the typical size and mass of an air molecule.

2. Molecules in a room

The lecture room contains approximately 1028 air molecules. How many
times more likely is it that the air molecules are split evenly between the
front and back of the room than that there is a 49-51% split? What is the
biggest front-to-back asymmetry that you expect to occur during a one-hour
lecture on average?

3. A simple model of a rubber band

A polymer molecule is a long chain molecule made of subunits that can
change their relative orientations. Fixing one end of the molecule at the
origin, you can think of the subunits making a random walk in space.

(a) Make a simple 1D model of such a molecule, by assuming the molecule
lies along the x-axis and that individual subunits point either forwards or
backwards along the x-axis (don’t worry about the fact that the molecule
can double back on itself, we’ll allow that to happen in our simple model).
Each subunit has a length d, and therefore the total length of the molecule
is L = d(n+ −n

−
), where n+ and n

−
are the number of subunits that point

in the forward and backward directions, respectively. Derive an expression
for the number of configurations Ω and therefore the entropy as a function
of the length of the molecule L and the total number of subunits N . You
may assume N is large and use Stirling’s approximation.

(b) Argue that there must be a tension in the molecule, and calculate
that tension.

(c) This model can be taken as a simple model of a rubber band, which



is made up of many long polymer molecules. What do you predict should
happen to the length of a rubber band when it is heated?

(d) Where does this tension come from physically? Give two different
qualitative arguments, one based on how entropy changes as the length of
the molecule changes, and one based on kinetic theory ideas.

[You may find it helpful for this question to think about the analogy with
volume changes and the pressure of a gas.]























PHYS 362 Problem Set 2

This problem set is due Wednesday January 28th 2009, either in class or by

5pm in ERP 219.

1. Hard sphere gas

Consider a gas of N indistinguishable hard spheres each with radius r

occupying a volume V . Write down the number of spatial microstates Ω

available to the gas, taking into account the reduced volume that each new

molecule added to the box has available to it because of the space taken

up by the other spheres. Assume that the total volume of the spheres is

much smaller than the volume of the box. Ignore any effects arising from

the edges of the box. The result

N�

n=1

log (1− (n− 1)�) = N log

�
1− (N − 1)�

2

�
+ O

�
�
2
�

will be useful. Show that the equation of state for the gas is P = NkBT/(V −
b) where b is four times the total volume of the spheres.

2. DNA zipper

A DNA molecule consists of two polymer chains joined by N links. A

link can be opened only if a neighbouring link is already open (or if the link

is at the end of the molecule). In this way, it behaves like a zipper. Opening

a link takes an energy �.

(a) First consider the case where the link at one end of the molecule is

held closed, so that the molecule can unzip only from the other end. Write

down the partition function, and calculate the mean number of open links

as a function of temperature. What is the mean number of open links when

kBT � � and when kBT � �?

(b) Repeat part (a) for the case where the molecule can unzip from either

end.

3. The Gibbs ensemble

A system is in equilibrium with a bath with which it is able to exchange

energy and volume. Write down the probability of finding the system in a

particular microstate, and the corresponding partition function. Show that

the partition function can be expressed in terms of the Gibbs free energy

G = E − TS + PV .















PHYS 362 Problem Set 3

Due Friday February 6th 2009, either in class or by 5pm in ERP 219.

1. Diatomic gas.

A diatomic molecule has vibrational energy levels �n = (n + 1/2)h̄ω, n =

0, 1, 2..., and rotational energy levels �l = l(l + 1)h̄
2
/2I with degeneracy 2l + 1,

where I is the moment of inertia of the molecule and l = 0, 1, 2....

(a) Show that the contribution to the heat capacity per particle from the vi-

brational modes is

CV = kBx

�
ln x

1− x

�2

where x = exp(−h̄ω/kBT ). What are the low and high temperature limits?

(b) Derive the contribution to the heat capacity from the rotational modes in

the low and high temperature limits by either (1) taking only the first two terms in

the partition function sum, or (2) approximating the sum as an integral, explaining

which of these methods is appropriate for which limit and why.

(c) Estimate the vibrational and rotational energy splittings h̄ω and h̄
2
/2I for

a hydrogen molecule H2. Use these estimates to sketch a graph of heat capacity

against temperature for H2 gas, labelling each axis as quantitatively as you can.

(Assume that the translational degrees of freedom always contribute (3/2)kB per

particle to the heat capacity.)

2. Two-state RNA

Read the attached pages which are taken from the book “Biological Physics:

Energy, Information, Life” by Philip Nelson. They describe an experiment which

investigates an RNA molecule that exhibits “two-state” behavior, in which the

hairpin turn of the molecule is either open or closed.

(a) In fact, the molecule has many more than two microstates available to it,

but the idea is that we can categorize the microstates as either being associated

with the hairpin being “open” or associated with it being “closed”. If the molecule

is in contact with a heat bath at temperature T , show that the probability of the

hairpin being open is

1

e∆F/kBT + 1

where ∆F is the free energy difference between the open and closed states. (Hint:

divide the partition function into two pieces).



(b) Now the ends of the molecule are pulled with a force f that is kept constant
during the experiment. By using an appropriate ensemble (hint: something similar
to the Gibbs ensemble from problem set 2), derive an expression for the probability
that the molecule is in the “closed” state. You should find the same formula that
is plotted in Figure 6.10b of Nelson’s book. [The good agreement between this
formula and the experimental data is used to argue that indeed we can divide the
microstates of this molecule into “open” and “closed” states - the molecule acts as
a two-state system.]

3. Heat capacity of a Fermi gas

Show that the heat capacity of a degenerate gas of non-relativistic electrons is

cV =
π2

2
nkB

�
kBT

EF

�

.





















PHYS 362 Problem Set 4

Due Friday 20th February 2009, in class.

1. Non-relativistic and relativistic Fermi gases

Show that the pressure P of a non-relativistic Fermi gas is related to its internal

energy density E by P = (2/3)E, for any degree of degeneracy (for any value of

µ/kBT ).

Show that a relativistic gas has P = (1/3)E for any degree of degeneracy.

(By non-relativistic gas I mean that the particle energy is � = p2/2m whereas

for a relativistic gas � = pc).

2. Thermodynamic properties of a photon gas

Calculate the entropy, free energy, and pressure of a photon gas, using two

methods:

(a) by first calculating the partition function and grand free energy of the gas

(remember that a photon gas has µ = 0). The entropy and pressure are derivatives

of the free energy.

(b) starting with the internal energy of the gas E = aT 4V which we know from

class, calculate CV , and then S =
�

CV dT/T . Once you know E and S, you can

write down the free energy and get the pressure by differentiation.







PHYS 362 Problem Set 5

Due on Friday March 20th 2009, either in class or by 5pm in ERP 219.

1. Thermal properties of the mean field Ising model

(a) Starting by writing down the partition function for the Ising model in mean

field theory, show that the energy, heat capacity, and entropy are

E = −1

2
NkBTc�s�2

CV

NkB
=

�
Tc

T

�2

�s�2
�

1

1− �s�2 −
�

Tc

T

��−1

S

NkB
= ln



 2
�

1− �s�2



− Tc

T
�s�2.

(b) Show that as temperature approaches the critical point from below,

�s� ≈
�

3

�
1− T

Tc

�
CV → 3

2
NkB S → NkB ln 2.

(c) Now show that as T → 0 both CV and S go to zero.

(d) What are E, CV , and S for T > Tc? Give a physical interpretation for this

value of S.

(e) Sketch E, CV , and S as a function of temperature. Is this a first order or

continuous phase transition? How does the exact 2D or 3D solution differ from

these mean field results?

2. More on the DNA zipper

This question is an extension of the zipper model for DNA that we looked at in

homework 2. A DNA molecule consists of two polymer chains joined by N links.

The link at one end of the molecule is held closed, but the molecule can “unzip”

from the other end, with an energy cost � for each link that opens. The difference

from the previous homework problem is that we now include the fact that each of

the open links can rotate around the axis of the polymer chain, with g different

orientations available per open link. Therefore there are gn
different states of the

molecule with n open links.



(a) Show that the energy and heat capacity are

E = �n�� = �

�
x

1− x
− NxN

1− xN

�

CV = kB

�
�

kBT

�2
�

x

(1− x)2
− N2xN

(1− xN)2

�

where x = g exp(−β�) and �n� is the mean number of open links.
(b) Assuming N � 1, show that at the critical temperature Tc = �/kB ln g

(where x = 1 and the denominators in the expressions for E and CV diverge),

�n� = N/2

and
CV

NkB
=

N(ln g)2

12
.

(c) Sketch �n� and CV as a function of x and indicate how the curves change
as N increases.

(d) For large N , use the results you’ve derived so far to argue that there is a first
order phase transition between the zipped and unzipped states of the molecule.
Explain physically why the critical temperature Tc at which this transition occurs
is smaller for larger values of g.

(e) In the laboratory, DNA is observed to unzip at temperatures above 90◦C.
If the energy required to open a link is � ≈ 0.3eV, estimate the value of g.

Useful results for geometric series:

ΣN−1
n=0 xn =

1− xN

1− x
ΣN−1

n=0 nxn =

�
1− xN

1− x

� �
x

1− x
− NxN

1− xN

�

















PHYS 362 Problem Set 6

Due on Wednesday April 1st 2009, either in class or by 5pm in ERP 219.

Monte Carlo simulation of the 2D Ising model

Implement the Metropolis algorithm discussed in class for a 5 × 5 spin Ising
model. Plot the magnetization M , susceptibility χ, energy E, and heat capacity
CV as a function of T .

[You should hand in a brief description of how you implemented the algorithm,
your code, and the plots.]



PHYS 362 Problem Set 7

Due on Tuesday 14th April by 5pm in ERP 219.

1. Lattice gas.

Calculate the entropy of the lattice gas in mean field theory by differentiating
the free energy and by writing down the Gibbs entropy, and check that the two
methods give the same answer.

2. Mean field Ising model at non-zero applied magnetic field

For the mean-field Ising model, plot M against T for different values of H and
M against H for different values of T .

3. Reaction equilibria

(a) Consider the process
A �� B

where A and B refer to different isomer states of a molecule. Assume the process
takes place in a dilute gas and the energy difference between state A and B is ∆�.
In thermal equilibrium, calculate the expected ratio of number densities nA and
nB using two methods: from the Boltzmann distribution, and by setting µA = µB.
Make sure that they give the same answer.

(b) Derive the equilibrium number density ratio of reactants and products for
the three-body reaction

A + B �� C.

Discuss physically the factors that determine whether A + B or C dominate in
equilibrium.

4. Adsorption.
This question is from last year’s final.
(a) A metal surface is exposed to a gas of helium atoms at temperature T and

pressure P . The metal surface has binding sites for helium atoms. The energy
required to remove a bound helium atom from the surface is �. In equilibrium,
what fraction of binding sites are occupied? Write your answer in terms of T and
P . What are the high and low temperature limits of your expression? [Treat the
gas as a heat and particle bath. You may use the result that the chemical potential



of an ideal gas is

µ = kBT ln

�
n

nQ

�

where nQ = (mkBT/2πh̄2)3/2.]
(b) Repeat the calculation for the case where the bound helium atoms can move

freely on the surface, so that they form a two-dimensional gas of non-interacting
particles. Discuss how your answer differs from part (a).












