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26 Temperature

is the total energy in the system. which, for the sake of illustration. I have taken
to be 15000 quanta.

Suppose now that the system starts at some point such as a, with a
definite energy division between system 4 and system B. In general, the joint
system will not be in thermal equilibrium, and heat will flow between 4 and B,
corresponding to a movement parallel to the sloping lines. What derermines
the direction of movement ? The answer to this question depends on the values
of the product g,g; which are marked along the sloping lines. In the direction
of state b the values of g g increase extraordinarily rapidly (each of the marks
between the lines corresponds to an increase in g ,g; by a factor of 10'°°). In the
direction of state b’ the number of accessible states decreases equally rapidly.
This effect is so strong that it seems certain to swamp all other effects, and
make the probability of any significant movement towards b’ totally
negligible.

We can explore this idea in more numerical detail for our model
systems. If we assume that 4 and B are in relatively weak thermal contact, so
that exchange of quanta within each system occurs much more frequently than
exchange of quanta between the two systems, then one can show that in the
neighbourhood of state a the probability that a quantum will jump in the
‘right’ direction (from A to B) is twice the probability of the reverse jump. (We
omit the details of this calculation.) This makes it clear that the flow of heat in
the ‘right’ direction is a matter of statistics. In a time so short that only one or
two jumps have occurred the probability that heat will flow in the ‘wrong’
direction is quite high. However, if we wait long enough for 1500 jumps to have

Fig. 3.1. Joint states of a pair of systems 4 and B which are in thermal
contact. Each dot represents a joint state. If the joint system is thermally
isolated then, using the accessibility convention, only those dots which lie
between the sloping lines represent accessible states.
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3.1 The meaning of temperature for large systems 27

occurred, on average we expect 1000 to occur in the ‘right’ direction and 500 in
the ‘wrong’ direction. We can also work out the standard deviations in these
numbers, and we find (again omitting the details) that after 1500 jumps we
expect E, to take the value 9500 + 36 quanta. The distribution of E , after 1500
jumps is shown in Fig. 3.2 (curve b). Notice how narrow it is. There is not much
uncertainty in the quantity of heat which we expect to flow from 4 into B in
this time. There is, of course, a very small probability that after 1500 jumps the
heat will have flowed the ‘wrong’ way, corresponding to the very small tail of
curve b on the ‘wrong’ side of the starting state. For our model system this
probability is about 10 ~*%, The probability that a substantial amount of heat
would have flowed the ‘wrong’ way, say as far as state &', is about 107'*% a
number so small that we can safely say that we should never see this event
occur, even if we made the trial every microsecond during the whole history of
the universe! Similar considerations apply to all pairs of large systems. [t is
therefore safe to assume that when a substantial heat flow occurs between large

Fig. 3.2. Heat flow between two systems. System A consists of 5000
oscillators and system B of 10000 oscillators. The unit of energy is hv.
The joint system starts in state a. After 1500 exchanges of quanta it
reaches state b: the corresponding energy distribution is plotted normal
to the sloping lines. After about 100000 exchanges the system approaches
the equilibrium distribution ¢, which is proportional to g,g5. The width
of curve ¢ represents the range of thermal fluctuations of E, (or Ep) in
equilibrium.
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are known as van Hove singularities.'® A typical density of levels displaying these
singularities is shown in Figure 23.6, and a concrete illustration of how the singularities
arise in the linear chain is given in Problem 3.

(23.31)
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Figure 23.6

Phonon density of levels in aluminum,
as deduced from neutron scattering
data (Chapter 24). The highest curve
is the full density of levels. Separate
level densities for the three branches
are also shown. (After R. Stedman, -
. DENSITY) L. Almgvist, and G. Nilsson, Phys.
Rev. 162, 349 (1967).)
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DERN STATISTICAL MECHANICS

ra temperature) K. If this
I.  recursion relation from
g from a system with another
we look for a function of K,
such that

FK)ex

juantities, then

s2)f (K) exp(K'sass) *

relation. A transformation like

.
and f(K), we note that if

(K)e*.
+1 from which we have
— R

K
unknowns. The solution is

sh (2K),
EJEM ) (a)

(K).

s a free energy, and since free
g(K) to be intensive—that is,
rom the recursion relation,
1/2), we have g(K)=(1/2)Inf(K)
2 (2K),

[2Vcosh (2K)]. (b)

normalization group (RG) equa-
s which obey the group property,
scheme.) If the partition function
. can generate In Q = Ng(K) for
“renormalization.” Notice that in
i (a) and (b), the new coupling
. is always less than K.

‘(/“OM (/ [“-:';V\‘:{ [Q,r
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An alternative set of RG equations would be

K =(1/2) cosh™! (e**), (c)
which is the inverse of (a), and
g(K)=(1/2)g(K')+ (1/2)In2+ K'/2, (d)

which is obtained by noting f(K) =2 exp (K').

Exercise 5.12 Derive these RG equations, and show that
K>K'

To see how these equations work, we will apply (c¢) and (d)
starting with a small value of the coupling constant. cheated
application will generate g(K) at successively larger values of the
coupling constant. Let’s start with K'=0.01. For such a small
coupling constant, interactions between spins are nearly negligible.

Thus, 0(0.01, N)= Q(0, N) =2". As a result,
£(0.01)=In2.
We now start the iteration. From (c) and (d) we find
K =10.100 334,
g(K)=0.698 147.
We now use these numbers as the new K primed quantities and
obtain
K =0.327 447,
g(K)=0.745 814,

and so on.
Renormalization
K group Exact K

p.tl}l In2 0.693 197

E_J, 100 334 0.698 147 0.698 172

ShiaTcks 0.327 114? (J.?'—IS H !4 0.745 827
application (_],()30 247 0.883 204 (.883 210
of RG 0.972710 1.106 299 1.106 302
———— 11 l{: 710 1.386 078 1.386 080
t) and (@) Iu 1.662 637 1.697 968 1.697 968
) * 2.009 049 2.026 876 2.026 877

2.355 582 2.364 536 2.364 537

2.702 146 2.706 633 2,706 634
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; Evaluate RG equations for 1D Ising model

; number of iterations
n=10

g=dblarr(n)
K=dblarr(n)

; initial values for K and g

K[0]=0.01d

g[@]=alog(2d@) +0.2

; here I've included an offset in the initial value of g

; so that we can see the convergence to the correct solution

for i=1,n-1 do begin

; calculate the new value of g
g[i]=0.5*(g[i-1]+alog(2.0)+K[1-1])

-’;’—'/
////,/’ LLG*E L m uS;AC) trAJL"CIQAA—i%ﬁT
; calculate the new K &«

-1
K[1]=0.5d*alog(exp(2.0*K[i-1])+sqrt(exp(4.0*K[1i-1])-1)) C"SL X = (hzixf—d;;—j2
~|
endfor

; the exact solution
gexact=alog(2.0*cosh(K))

; plot

plot, K, g, xtitle='K', ytitle="g(K)', charsize=2, linestyle=0, psym=4,
symsize=1.5

oplot, K, gexact, linestyle=0

oplot, K,K,linestyle=1

; now take our final values of (K,g) and try to work backwards
; we should see divergence from the exact solution

; introduce an offset
g[n-1]-=0.01

for i=n-2,0,-1 do begin

: calculate the new value of g
g[i]=2.0*g[i+1]-alog(2.0*sqrt(cosh(2.0*K[1+1])))



; calculate the new K
K[i]=0.5*alog(cosh(2.0*K[i+1]))

endfor
oplot, K, g, symsize=1.5,psym=2

end
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-ange order parameter P is defined so that the number of A’s on the
a is equal to 3(1 + P)N. The number of A’s on lattice b is equal to

JN. When P = *1, the order is perfect and each lattice contains only

pe of atom. When P = 0, each lattice contains equal numbers of A and B
and there is no long-range order.

e consider that part of the internal energy associated with the bond en-
of AA, AB, and BB nearest-neighbor pairs. The total bond energy is

™ AT TrT i AT rT i AT TrT s\

The energy (3) becomes
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638 FERROMAGNETISM

properties should be greatest at this point, followed by a sharp
above the Curie point where M becomes zero.

An experimental curve showing the variation of €' with 7' for 1
is given in Fig. 21.8. The anomalous specific heat is appreciable
near the Curie point, but the drop above the Curie point spreads ¢
range of temperature, instead of appearing as a sharp discontinuit;

Molar heat (cal/g atom)
[==}
|

3__.

[ | | n
—200 0 200 400 7(°C.)

Fig. 21.8. The molar heat of nickel, from the measurements of Grew, 1934

order to obtain a value for A from the specific heat anomaly, C;; mv
estimated and subtracted from the measured specific heat, so that
the magnetic contribution remains. Measurements are made at con
pressure, so that we can write €y, = C,4-(C,—C,)+C,. G, is obt
by extrapolation, using the Debye formula, from measurements a
temperatures; (0, —C,) may be found from the expansion coefficien
compressibility using a standard thermodynamical formula; C, i
electronic specific heat. This is abnormally large in a ferromag
metal and difficult to estimate since it is associated with a high ele
density in the 3d band (see § 18.4). dM?/dT must be found by ple
M2 as a function of temperature, and then A is obtained. This is
very accurate method of finding A and the value does not agree tot
with the value obtained from the magnetization curve, probably be
of errors in C,. However, the general form of the specific heat cu
not incompatible with theory and this also apphes to iron and C

e M BT i e e e e e e T 1 -~
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22.2] ANTI-FERROMAGNETISM AND FERRIMAGNETISM 659

22.2. The molecular field—two sub-lattice model

Let the two sub-lattices be denoted by 4 and B. Then a dipole in
lattice A is subject to an external field B, and an internal field propor-
tional to the magnetization of sub-lattice B which we may write as

5_

NiCl, - 6H,0

C, cal/deg mole

0 [ l | l [ I l L !
0 2 4 ] 8 10 12 14 16 18 20 22

Temperature, °K

Fie. 22.2. Specific heat of NiCl,,6H,0 at low temperatures, showing the A-type anomaly

at the Néel temperature, 5-34° K (after Robinson and Friedberg, 1960). The entropy

in the anomaly is R In 3, corresponding to the threefold degeneracy of the S = 1 ground

state of the Ni*+ ion. The rise at high temperatures is due to the lattice specific heat.

Note the different shape of the co-operative anomaly from that due to a simple level
splitting in another nickel salt (Fig. 20.15).

—AMj, where the minus sign appears because of the reversed sign of
the exchange integral. The effective field acting on a dipole in 4 is

theref
erefore B, = B,—\M, }
Similarly By = B,—\M,

At high temperatures where the dipoles are randomly oriented the
magnetization of each sub-lattice should obey Curie’s law if we take
the effective field instead of the external field. Thus we have

M, = }OB, T, My =3CByfu, T, (22.2)

(22.1)
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664 ANTI-FERROMAGNETISM AND FERRIMAGNETISM [22.2

The two sub-lattice model is valid for many anti-ferromagnetic sub-
stances, but in some cases there are more (in a face-centred cubic lattice
there are generally four). As in ferromagnetism, the exchange inter-
action itself gives no preference to any particular orientation of the
spins relative to the crystal axes; this arises from the anisotropy energy.
In a simple tetragonal crystal such as MnF,, the spins are aligned along

28"
o ssa e z
24 g *e ““"J._. . .:'""‘
.: .
20 L] »
- 9 >
L ]
L] = .
Susceptibility 18— . .
per g/mole (in units N
of 10~ e.m.u.) .
121~ e Xl
8k ..'
4+ . ¢
Olos® ! ! ! | , : ] T
0 20 40 60 80 100 120 140 160 180 200
T(°K)

Fic. 22.6. Principal susceptibilities of a single crystal of MnF, (after C. Trapp and
J. W. Stout, 1963).

the tetragonal axis in a simple two sub-lattice anti-parallel arrangement,
but much more complicated arrangements are possible in which the
vector sum of the dipole moments is zero—the distinctive feature of an
anti-ferromagnetic.

22.3. Ferrimagnetism

The technical importance of magnetic materials in electrical industry
has increased continuously, the ideal substance being one with a large
magnetic moment at room temperature, which is also an electrical
insulator. Ferromagnetic metals and alloys have been widely exploited,
but their high electrical conductivity is a serious handicap in radio-
frequency applications because of the eddy current losses. For this
reason a number of magnetic oxides (‘ferrites’, of which magnetite,
Fey0,, is the most famous as the original ‘lodestone’) became of great
technical interest because of their low electrical conductivity. They
show spontaneous magnetization, remanence, and other properties
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occupancy
"~
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1 ——No cooperativity
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oxygen partial pressure (mm Hg)

Figure 7.18: Hemoglobin binding. Comparison of the oxygen binding isotherms
for different models of hemoglobin using the two-level system description. (Data
from K. Imai. Biophys. Chem.. 37:1, 1990.)

the next. rather. is our choice of energy function. In the case of the Pauling
model. the physical content of the cooperativity arises becanse it is assmmed
that there is a pairwise interaction between oxyvgens on different sites. If we
think of the four binding sites as the vertices of a tetraliedron. there are six
interactions corresponding to the six edges of the tetrahedron. If we label the
four vertices 1. 2.3 and 4, these pairwise interactions are between 1 and 2, 1 and
3, ete. and there are a total of six distinct such interactions.
Within this medel, the energy of the system is written in the form

’

1
E=¢ Za(. w—é Z Ol (7.42)
a=1

{oyy)

where the sums over a and ~ run from 1 to 4 and the prime ¥ instructs us not
to include terms in the sum when o = = and J is divided by 2 to account for the
presence of terms like 7o and o900, which both occur in the sum. Whenever
two different sites are occupied. there is a corresponding term in the energy with
a contribution J. The partition function corresponding to this energy is given

by
z— Zl Zl i Zl (_-J:::-u}‘:,::l-:x._.—.s‘-.f b i TaTs {7_43}
oy=0

Fa=0g3=03=0
which once again corresponds to summing over all eight states of occupancy
of the hemoglobin molecule by its partner oxygens. As before, the partition
function can be evaluated analytically and is given by

7 = 1 _'__‘&—.i[.—:—m i+ 6(___—'2.3(5—;“—3.! e _16—3_.-3{:-—;”—3:'1.! g F—4.3!_s—pj—ﬁ.'1‘.} i
N " 2 ~— A o
0 bound 1 bound 2 bound 3 bhound 4 bound

(7.44)
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12.1 Universality 267

1.0

[

Fig. 12.6 Universality. (a) Uni-
versality at the liguid-gas critical
point, The liquid-gas coexistence lines
(p(T)/pc versus T/T.) for a variety of
atoms and small molecules, near their

Temperature 7/T

0. critical points (T¢, pe) [54]. The curve is
g a fit to the argon data, p/p. = 1+3(1—

! —L_ T/Te) + po(1 — T/Te)? with s = 0.75,

0 0.5 I . 1}5 N 25 po = 1.75, and 8 = 1/3 [54]. (b) Uni-
o P, versality: ferromagnetic—paramagnetic

T 7 =T y critical point. Magnetization versus
temperature for a uniaxial antiferro-
magnet MnFz [36]. We have shown
both branches +M(T) and swapped
the axes so as to make the analogy with
L A the liquid—gas critical point (above) ap-
parent. Notice that both the magnet
and the liquid-gas critical point have
order parameters that vary as (1 —
T/T:)? with 3 = 1/3. (The liguid-
i 4 gas coexistence curves are tilted; the
two theory curves would align if we
defined an effective magnetization for
B 7 the liquid-gas critical point p.g = p —
0.75p.(1 —T/T:) (thin midline, above).
1 i This is not an accident; both are in

i i i ) i the same universality class, along with
100 0 100 the three-dimensional Ising model, with

19 L the current estimate for 7 = 0.325 +
[F resonance frequency] ~ magnetization M 0.005 [148, chapter 28].
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Temperature T (K)
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n

of falling apart, they become similar to one another! In particular, all
signs of the original lattice structure and microscopic rules have disap-
peared." 4Notice in particular the emergent
Thus we observe in these cases that different microscopic systems look Symmle“_“fs "'; the problem. The large
ia G o . P : percolation clusters at p. are statis-
the same near cn_mcal points, if we ignore the microscopic detaﬂ's and [ ally: bt Asodhtien: eVt s
confine our attention to long length scales. To study this systematically, rotation invariant, independent of the
we need a method to take a kind of continuum limit, but in systems grids that underly them. In addition,
which remain inhomogeneous and fluctuating even on the largest scales. "¢ I“"!' see that the{;‘ﬂg a;1 Eme"g‘;“_‘;
. . a & L, Scale nvariance—a Ol symine:
This systematic method is called the nt:normalrzatwn group” . connecting different length scales (as we
The renormalization group starts with a remarkable abstraction: it  alse saw for random walks, Fig. 2.2).

5The word renormalization grew out of quantum electrodynamics, where the effective charge on the electron changes size
(norm) as a function of length scale. The word group is usually thought to refer to the family of coarse-graining operations
that underly the method (with the group product being repeated coarse-graining). However, there is no inverse operation to
coarse-graining, so the renormalization group does not satisfy the definition of a mathematical group.
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PHYS 362 Problem Set 1

This problem set is due Monday January 19, 2009, either in class or by 5pm
in ERP 219.

1. Collisions of air molecules

In class I mentioned that air molecules undergo collisions every ~ 1079 s
on average. Do you believe me? Estimate this number for yourself. Don’t
worry about factors of two - you just want to check the order of magnitude.
Your starting points should be the density and temperature of air in the
room, and the typical size and mass of an air molecule.

2. Molecules in a room

The lecture room contains approximately 10%® air molecules. How many
times more likely is it that the air molecules are split evenly between the
front and back of the room than that there is a 49-51% split? What is the
biggest front-to-back asymmetry that you expect to occur during a one-hour
lecture on average?

3. A simple model of a rubber band

A polymer molecule is a long chain molecule made of subunits that can
change their relative orientations. Fixing one end of the molecule at the
origin, you can think of the subunits making a random walk in space.

(a) Make a simple 1D model of such a molecule, by assuming the molecule
lies along the x-axis and that individual subunits point either forwards or
backwards along the x-axis (don’t worry about the fact that the molecule
can double back on itself, we’ll allow that to happen in our simple model).
Each subunit has a length d, and therefore the total length of the molecule
is L =d(ny —n_), where ny and n_ are the number of subunits that point
in the forward and backward directions, respectively. Derive an expression
for the number of configurations €2 and therefore the entropy as a function
of the length of the molecule L and the total number of subunits N. You
may assume NV is large and use Stirling’s approximation.

(b) Argue that there must be a tension in the molecule, and calculate
that tension.

(¢) This model can be taken as a simple model of a rubber band, which



is made up of many long polymer molecules. What do you predict should
happen to the length of a rubber band when it is heated?

(d) Where does this tension come from physically? Give two different
qualitative arguments, one based on how entropy changes as the length of
the molecule changes, and one based on kinetic theory ideas.

[You may find it helpful for this question to think about the analogy with
volume changes and the pressure of a gas.|
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PHYS 362 Problem Set 2

This problem set is due Wednesday January 28th 2009, either in class or by
5pm in ERP 219.

1. Hard sphere gas

Consider a gas of N indistinguishable hard spheres each with radius r
occupying a volume V. Write down the number of spatial microstates 2
available to the gas, taking into account the reduced volume that each new
molecule added to the box has available to it because of the space taken
up by the other spheres. Assume that the total volume of the spheres is
much smaller than the volume of the box. Ignore any effects arising from
the edges of the box. The result

S N —1)e
;::llog(l—(n—l)e):NlogG—(Q))+O(62>

will be useful. Show that the equation of state for the gasis P = NkgT/(V —
b) where b is four times the total volume of the spheres.

2. DNA zipper

A DNA molecule consists of two polymer chains joined by N links. A
link can be opened only if a neighbouring link is already open (or if the link
is at the end of the molecule). In this way, it behaves like a zipper. Opening
a link takes an energy e.

(a) First consider the case where the link at one end of the molecule is
held closed, so that the molecule can unzip only from the other end. Write
down the partition function, and calculate the mean number of open links
as a function of temperature. What is the mean number of open links when
kT < € and when kT > €7

(b) Repeat part (a) for the case where the molecule can unzip from either
end.

3. The Gibbs ensemble

A system is in equilibrium with a bath with which it is able to exchange
energy and volume. Write down the probability of finding the system in a
particular microstate, and the corresponding partition function. Show that
the partition function can be expressed in terms of the Gibbs free energy

G=FE-TS+ PV.
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PHYS 362 Problem Set 3

Due Friday February 6th 2009, either in class or by 5pm in ERP 219.

1. Diatomic gas.

A diatomic molecule has vibrational energy levels ¢, = (n + 1/2)hw, n =
0,1,2..., and rotational energy levels ¢ = I(I + 1)h*/2I with degeneracy 2 + 1,
where [ is the moment of inertia of the molecule and [ =0, 1, 2....

(a) Show that the contribution to the heat capacity per particle from the vi-

brational modes is )
|
CV = k?BZL‘ ( il )
11—z

where x = exp(—hw/kgT). What are the low and high temperature limits?

(b) Derive the contribution to the heat capacity from the rotational modes in
the low and high temperature limits by either (1) taking only the first two terms in
the partition function sum, or (2) approximating the sum as an integral, explaining
which of these methods is appropriate for which limit and why.

(c) Estimate the vibrational and rotational energy splittings iw and h?/21 for
a hydrogen molecule Hy. Use these estimates to sketch a graph of heat capacity
against temperature for Hy gas, labelling each axis as quantitatively as you can.
(Assume that the translational degrees of freedom always contribute (3/2)kp per
particle to the heat capacity.)

2. Two-state RNA

Read the attached pages which are taken from the book “Biological Physics:
Energy, Information, Life” by Philip Nelson. They describe an experiment which
investigates an RNA molecule that exhibits “two-state” behavior, in which the
hairpin turn of the molecule is either open or closed.

(a) In fact, the molecule has many more than two microstates available to it,
but the idea is that we can categorize the microstates as either being associated
with the hairpin being “open” or associated with it being “closed”. If the molecule
is in contact with a heat bath at temperature T', show that the probability of the

hairpin being open is
1

where AF is the free energy difference between the open and closed states. (Hint:
divide the partition function into two pieces).



(b) Now the ends of the molecule are pulled with a force f that is kept constant
during the experiment. By using an appropriate ensemble (hint: something similar
to the Gibbs ensemble from problem set 2), derive an expression for the probability
that the molecule is in the “closed” state. You should find the same formula that
is plotted in Figure 6.10b of Nelson’s book. [The good agreement between this
formula and the experimental data is used to argue that indeed we can divide the
microstates of this molecule into “open” and “closed” states - the molecule acts as
a two-state system.]

3. Heat capacity of a Fermi gas
Show that the heat capacity of a degenerate gas of non-relativistic electrons is

7'('2 L kBT
cy = —n — .
VT o UL



6.7 EXCURSION: “RNA FOLDING AS A TWO-STATE SYSTEM"
BY J. LIPHARDT, 1. TINOCO, JR. AND C. BUSTAMANTE

Recently, we set out to explore the mechanical properties of RNA, an important
biopolymer. In cells, RNA molecules store and transfer information, and catalyze
biochemical reactions. We knew that numerous biological processes like cell division
and protein synthesis depend on the ability of the cell to unfold RNA (as well as to
unfold proteins and DNA) and that such unfolding involves mechanical forces, which
one might be able to reproduce by using biophysical techniques. To investigate how
RNA might respond to mechanical forces, we needed to find a way to grab the ends
of individual molecules of RNA. Then we wanted to pull on them and watch them
buckle, twist, and unfold under the effect of the applied external force.

We used an optical tweezer apparatus, which allows small objects, like poly-
styrene beads with a diameter of & 3 m, to be manipulated by using light (Fig-
ure 6.9), Although the beads are transparent, they do bend incoming light rays,
transferring some of the light's momentum to each bead, which accordingly expe-
riences a force. A pair of opposed lasers, aimed at a common focus, can thus be used
to hold the beads in prescribed locations, Because the RNA is too small to be trapped
by itself, we attached it to molecular “handles” made of DNA, which were chemi-
cally modified to stick to specially prepared polystyrene beads (Figure 6.9, inset). As

trap bead

trap bead

lnser trap

molecule

actuator ©
D]

| actuator
actuator bead

Figure 6.9: (Schematic.) Optical tweezer apparatus, A piczoelectric actuator controls the po-
sition of the bottom bead. The top bead is captured in an optical trap formed by two opposing
lasers, and the force exerted on the polymer connecting the two beads is measured from the
change in momentum of light that exits the optical trap. Molecules are stretched by moving
the bottom bead vertically. The end-to-end length of the molecule is obtained as the difference
of the position of the bottom bead and the top bead. Inser: The RNA molecule of interest is
coupled to the two beads via DNA “handles”” The handles end in chemical groups that stick
to complementary groups on the bead. The drawing is not to scale: Relative to the diameter of
the beads (= 3000 nm), the RNA is tiny (= 20 nm). [Figure kindly supplied by J. Liphardt.]

il

6.7 Excursion: RNA folding as a two-state system 227

sketched in the inset, the RNA sequence we studied has the ability to fold back on
itself, thereby forming a “hairpin” structure (see Figure 2.16 on page 52).

When we pulled on the RNA via the handles, we saw the force initially increase
smoothly with extension (Figure 6.10a, black curve), just as it did when we pulled
on the handles alone: The DNA handles behaved much like a spring (a phenomenon
to be discussed in Chapter 9). Then, suddenly, at f = 14.5pN, there was a small
discontinuity in the force-extension curve (points labeled a and b). The change in
length (Az 22 20nm) of that event was consistent with the known length of the
part of the RNA that could form a hairpin. When we reduced the force, the hairpin
refolded and the handles contracted. Different samples gave slightly different values
for the critical force, but in every case it was sharply defined.

To our surprise, the observed properties of the hairpin were entirely consistent
with those of a two-state system. Even though the detailed energetics of RNA folding
are known to be rather complex, involving hydration effects, Watson—Crick base-
pairing and charge shielding by ions, the overall behavior of the RNA hairpin under
external force was that of a system with just two allowed states, folded and unfolded.
We stretched and relaxed the RNA hairpin many times and then plotted the fraction
of folded hairpins versus force (Figure 6.10b), As the force increased, the fraction
folded decreased, and that decrease could be fit to a model used to describe two-state
systems (Equation 6.34 and Figure 6.10b, inset). Just as an external magnetic field can
be used to change the probability of an atomic magnet to point up or down,” the work
done by the external force (f Az) was apparently changing the free energy difference
AF = Fypen — Fuosed between the two states and thus controlling the probability
P(f) of the hairpin being folded. But if the AF could be so easily manipulated by
changing the external force, it might be possible to watch a hairpin “hop” between
the two states if we tuned the strength of the external force to the right critical value
(such that P(f) == 1) and held it there by force-feedback.

Indeed, about one year after starting our RNA unfolding project, we were able
to observe this predicted behavior (Figure 6.10¢). After showing RNA hopping to
everyone who happened to be in the Berkeley physics building that night, we began to
investigate this process more closely to see how the application of increasing force tilts
the equilibrium of the system toward the longer, unfolded form of the molecule. At
forces slightly below the critical force, the molecule stayed mostly in the short folded
state except for brief excursions into the longer unfolded state (Figure 6.10c, lower
curves). When the force was held at 14.1 pN, the molecule spent roughly equal times
in either state (= 1s). Finally, at 14.6 pN, the effect was reversed: The hairpin spent
more time in the extended, unfolded form and less time in the short, folded form.
Thus, it is possible to control the thermodynamics and kinetics of the folding reaction
in real time, simply by changing the external force. The only remaining question had
to do with the statistics of the hopping reaction. Was RNA hopping a simple process
characterized by a constant probability of hopping per unit time at a given force?
It appears so: Histograms of the dwell times can be fit to simple exponentials (see
Figure 6.10d and Equation 6.31).

"See Problem 6.5,
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Figure 6.10: (Experimental data) (a) Force-extension curves of an RNA hairpin with handles. Stretching (black) and
relaxing (gray) curves are super

imposed. Hairpin unfolding occurs at about 14.5 pN (labeled a). l ) Fraction P(f) of
hairpins folded versus force. Data (filled circles) are from 36 consecutive pulls of a single RNA hairpin. Solid line, p proba-
bility versus force for a two-state system (see Equation 6.34 on page 225). Best-fit values, AF, = 79%T,, Az = 22nm,
consistent with the observed Az seen in panel (a). (c) Effect of mechanical force on the rate of RNA folding. Length versus
time traces of the RNA hairpin at various constant forces. Increasing the external force increases the rate of unfolding and
decreases the rate of folding. (d) }hamgrumh of the dwell times in the open and closed states of the RNA hairpin at two
different forces (f = 14.4 and 13.7 pN). The solid lines are exponential functions fit to the data (see Equation 6.31),
giving rate constants for folding .xnd unto[dum At 13.7 pN, the molecule is mostly folded, with k.., = 0.957, and
kia = B.557'. At 14.4 pN, the unfolded state predominates, with k, !. [Figure kindly 5uupljui
by J. Liphardt.]
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PHYS 362 Problem Set 4

Due Friday 20th February 2009, in class.

1. Non-relativistic and relativistic Fermi gases

Show that the pressure P of a non-relativistic Fermi gas is related to its internal
energy density E by P = (2/3)E, for any degree of degeneracy (for any value of
1/kpT).

Show that a relativistic gas has P = (1/3)E for any degree of degeneracy.

(By non-relativistic gas I mean that the particle energy is € = p?/2m whereas
for a relativistic gas € = pc).

2. Thermodynamic properties of a photon gas

Calculate the entropy, free energy, and pressure of a photon gas, using two
methods:

(a) by first calculating the partition function and grand free energy of the gas
(remember that a photon gas has p = 0). The entropy and pressure are derivatives
of the free energy.

(b) starting with the internal energy of the gas E = a7V which we know from
class, calculate Cy, and then S = [CydT/T. Once you know F and S, you can
write down the free energy and get the pressure by differentiation.
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PHYS 362 Problem Set 5

Due on Friday March 20th 2009, either in class or by 5pm in ERP 219.

1. Thermal properties of the mean field Ising model
(a) Starting by writing down the partition function for the Ising model in mean
field theory, show that the energy, heat capacity, and entropy are

E= —;NkBTC<s>2
v = () o[- (@)

S 2 1.,
Ny In (1 — <S>2) — ?(s) :

(b) Show that as temperature approaches the critical point from below,

(s) ~ /3 (1 _ ;) Cy — ‘;’NkB S — Nkpn2.

(¢) Now show that as 7" — 0 both Cy and S go to zero.

(d) What are E, Cy, and S for T' > T.? Give a physical interpretation for this
value of S.

(e) Sketch E, Cy, and S as a function of temperature. Is this a first order or
continuous phase transition? How does the exact 2D or 3D solution differ from
these mean field results?

2. More on the DNA zipper

This question is an extension of the zipper model for DNA that we looked at in
homework 2. A DNA molecule consists of two polymer chains joined by N links.
The link at one end of the molecule is held closed, but the molecule can “unzip”
from the other end, with an energy cost € for each link that opens. The difference
from the previous homework problem is that we now include the fact that each of
the open links can rotate around the axis of the polymer chain, with g different
orientations available per open link. Therefore there are g" different states of the
molecule with n open links.



(a) Show that the energy and heat capacity are

x NN
E: pr— —
(n)e E[1—:11: l—xN]

2 N2 N
Oy = kg ( € ) x B T
kgT) |(1—2)2 (1—aN)?
where x = gexp(—f¢) and (n) is the mean number of open links.

(b) Assuming N > 1, show that at the critical temperature 7. = ¢/kglng
(where x = 1 and the denominators in the expressions for £ and Cy diverge),

(n) = N/2
and
Cy N(Ing)*
Nkg 12

(c) Sketch (n) and Cy as a function of = and indicate how the curves change
as N increases.

(d) For large N, use the results you've derived so far to argue that there is a first
order phase transition between the zipped and unzipped states of the molecule.
Explain physically why the critical temperature 7T, at which this transition occurs
is smaller for larger values of g.

(e) In the laboratory, DNA is observed to unzip at temperatures above 90°C.
If the energy required to open a link is € & 0.3eV, estimate the value of g.

Useful results for geometric series:

Eﬁ,:_olxnzl—x]v SV — 11—z r NN
11—z 1—x l—2z 1-—2xN
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PHYS 362 Problem Set 6

Due on Wednesday April 1st 2009, either in class or by 5pm in ERP 219.

Monte Carlo simulation of the 2D Ising model

Implement the Metropolis algorithm discussed in class for a 5 x 5 spin Ising
model. Plot the magnetization M, susceptibility y, energy E, and heat capacity
Cy as a function of T.

[You should hand in a brief description of how you implemented the algorithm,
your code, and the plots.]|



PHYS 362 Problem Set 7

Due on Tuesday 14th April by 5pm in ERP 219.

1. Lattice gas.

Calculate the entropy of the lattice gas in mean field theory by differentiating
the free energy and by writing down the Gibbs entropy, and check that the two
methods give the same answer.

2. Mean field Ising model at non-zero applied magnetic field
For the mean-field Ising model, plot M against T for different values of H and
M against H for different values of T

3. Reaction equilibria
(a) Consider the process
A=B

where A and B refer to different isomer states of a molecule. Assume the process
takes place in a dilute gas and the energy difference between state A and B is Ae.
In thermal equilibrium, calculate the expected ratio of number densities n4 and
np using two methods: from the Boltzmann distribution, and by setting pus4 = pp.
Make sure that they give the same answer.

(b) Derive the equilibrium number density ratio of reactants and products for
the three-body reaction

A+B=C.

Discuss physically the factors that determine whether A + B or C' dominate in
equilibrium.

4. Adsorption.

This question is from last year’s final.

(a) A metal surface is exposed to a gas of helium atoms at temperature 7" and
pressure P. The metal surface has binding sites for helium atoms. The energy
required to remove a bound helium atom from the surface is €. In equilibrium,
what fraction of binding sites are occupied? Write your answer in terms of 7" and
P. What are the high and low temperature limits of your expression? [Treat the
gas as a heat and particle bath. You may use the result that the chemical potential



of an ideal gas is

u=kgTIn <n>
ngQ

where ng = (mkpT/27h?)3/2]

(b) Repeat the calculation for the case where the bound helium atoms can move
freely on the surface, so that they form a two-dimensional gas of non-interacting
particles. Discuss how your answer differs from part (a).
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inj53=

Inf10}:=

M

Outl1gl=

Inl18]=

Qulj18=

£[T_, H_] := FindRoot[x = Tanh([H + x/T], (x, Sign[H]}]

Show[Plot([x /. £y, 0.001], (y, O, 3}1.
Plot(x /. £[y, 0.01], {y, 0, 3}], Plot[x /. £[y, 0.1], {y, 0, 3}]]
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0.4

o2]

10 15 20 25 30 o

Show[Plot[x /. £[5.0, v], {y¥, -2, 2}], Plot(x /. £[1.2, y], {y, -2, 2}],
Plot(x /. £[1.0, y], (y, -2, 2}], Plot[x /. £[0.5, ¥v], {y, -2, 2}1]

M

1.0+

g



C An Remer s o MfEget struchral oo of the sare prolecads so
____t:L\oJ: the ’om-‘{%h_ MAaSSLS ot the S anae_ > V]Q},ﬁ = f’.l_mrg__ ==

. _N\LH;FBH. i\ﬁ - __(”uei_/hﬂt—r o . : -
% s ﬁmﬁf
iﬁ)f _'_./i\% B= C g LA

...... e e E’M_ fw(wwl.b 0.

= _ /ﬁ; T = /Af_ o _ e’“ﬂ@*‘f"”‘h’___ S ST

— Lg—r ln (”w ) s+ teﬂ.,,(n:ﬁ ‘_%ms

=—— = = = = - —— — _Ag/k"'r
Lt e Pphy = (MK e B
e . ﬁ@ = hc.,ﬁt
L i S—_—— N
SRS - = MA—MB o € /kBT E'?}
N SR L : e ny/ [ R
= - S > Ju ﬁ}%%)

o _U!L_Fojnk I}m br‘gmj o yet __asress hee is thakt in t‘&q@m’rcax_,
- __k'LLPDSUb‘-’q 9{: tLL {_ﬂLM LI')«)M fS Sei= l;:?i, kg-‘r A% ﬂ_ﬁ &t' IOW
_J:&m_r_mrt 3 the (o1 Lhergn SEake B derihmkes (h4<chgg_mée:ta_3_ gl

ek g Lmpemives kg T > 0% then the eny, diffotace no losge
S hh/b’(m and hﬂﬁ,’hg._ 0 = RS N —

‘ST L‘t H’\L S.ex:ar\az CasSe ~— f:ofegp) %L\IB 5 no lO’\?ef [::Le_ DAL:} &C&v{"
- _'lrv,re. (S Fr&-@irkor iy (Q—Thkﬂ n = Ne  which tzles s accopnt

‘C‘NL -ﬁtw\: thak  cien Ehoualq e eneytAially Mj_EM 15
_&h_emra, InU‘Cﬁ&L w&.ﬁ £, l?rtaki u_-r_m-«tv_ twso MQ,WS ,& M&l_

 So the brasuoon Bom C ko (AtR)  Exlkes ?[ace__.bjf o Jewer






