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The wave of translation Work

Institution  Royal Society of Edinburgh, Royal
In 1834, while conducting experiments to determine the
most efficient design for canal boats, he discovered a
phenomenon that he described as the wave of
translation. In fluid dynamics the wave is now called a

memberships Society, Institution of Naval
Architects

Scott Russell solitary wave or soliton. The discovery is described here in his own words:1[2]

I was observing the motion of a boat which was rapidly drawn along a narrow channel by a pair of
horses, when the boat suddenly stopped—not so the mass of water in the channel which it had put in
motion; it accumulated round the prow of the vessel in a state of violent agitation, then suddenly leaving
it behind, rolled forward with great velocity, assuming the form of a large solitary elevation, a rounded,
smooth and well-defined heap of water, which continued its course along the channel apparently without
change of form or diminution of speed. I followed it on horseback, and overtook it still rolling on at a
rate of some eight or nine miles an hour [14 km/h], preserving its original figure some thirty feet [9 m]
long and a foot to a foot and a half [300—450 mm] in height. Its height gradually diminished, and after a
chase of one or two miles [2-3 km] I lost it in the windings of the channel. Such, in the month of August
1834, was my first chance interview with that singular and beautiful phenomenon which I have called the
Wave of Translation.

Scott Russell spent some time making practical and theoretical investigations of these waves, he built wave
tanks at his home and noticed some key properties:

= The waves are stable, and can travel over very large distances (normal waves would tend to either
flatten out, or steepen and topple over)

= The speed depends on the size of the wave, and its width on the depth of water.

= Unlike normal waves they will never merge—so a small wave is overtaken by a large one, rather
than the two combining.

= If a wave is too big for the depth of water, it splits into two, one big and one small.

Scott Russell's experimental work seemed at contrast
with the Isaac Newton and Daniel Bernoulli's theories
of hydrodynamics. George Biddell Airy and George
Gabriel Stokes had difficulty to accept Scott Russell's
experimental observations because Scott Russell's
observations could not be explained by the existing
water-wave theories. His contemporaries spent some
time attempting to extend the theory but it would take
Solitary wave in a laboratory wave channel. until the 1870s before an explanation was provided.

Lord Rayleigh published a paper in Philosophical
Magazine in 1876 to support John Scott Russell's experimental observation with his mathematical theory.
In his 1876 paper, Lord Rayleigh mentioned Scott Russell's name and also admitted that the first
theoretical treatment was by Joseph Valentin Boussinesq in 1871. Joseph Boussinesq mentioned Scott
Russell's name in his 1871 paper. Thus Scott Russell's observations on solitons were accepted as true by
some prominent scientists within his own life time.

Korteweg and de Vries did not mention John Scott Russell's name at all in their 1895 paper but they did
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The formation of a blast wave by a very intense explosion.
II. The atomic explosion of 1945

By Sir GrEorrrEY TAYLOR, F.R.S.
(Received 10 November 1949)
[Plates 7 to 9]

Photographs by J. E. Mack of the first atomic explosion in New Mexico were measured, and the
radius, R, of the luminous globe or ‘ball of fire’ which spread out from the centre was deter-
mined for a large range of values of ¢, the time measured from the start of the explosion. The
relationship predicted in part I, namely, that R% would be proportional to ¢, is surprisingly
accurately verified over a range from R=20 to 185 m. The value of R so found was used
in conjunction with the formulae of part I to estimate the energy B which was generated in
the explosion. The amount of this estimate depends on what value is assumed for 7y, the
ratio of the specific heats of air.

Two estimates are given in terms of the number of tons of the chemical explosive T.N.T.
which would release the same energy. The first is probably the more accurate and is 16,800
tons. The second, which is 23,700 tons, probably overestimates the energy, but is included
to show the amount of error which might be expected if the effect of radiation were neglected
and that of high temperature on the specific heat of air were taken into account. Reasons
are given for believing that these two effects neutralize one another.

After the explosion a hemispherical volume of very hot gas is left behind and Mack’s
photographs were used to measure the velocity of rise of the glowing centre of the heated
volume. This velocity was found to be 35 m./sec.

Until the hot air suffers turbulent mixing with the surrounding cold air it may be expected
to rise like & large bubble in water. The radius of the ‘equivalent bubble’ is calculated and
found to be 293 m. The vertical velocity of a bubble of this radius is % 4/(7 29300) or 35-7 m.[sec.
The agreement with the measured value, 35 m./sec., is better than the nature of the measure-
ments permits one to expect.

COMPARISON WITH PHOTOGRAPHIC RECORDS OF
THE FIRST ATOMIC EXPLOSION

Two years ago some motion picture records by Mack (1947) of the first atomic
explosion in New Mexico were declassified. These pictures show not only the shape
of the luminous globe which rapidly spread out from the detonation centre, but also
gave the time, ¢, of each exposure after the instant of initiation. On each series of
photographs a scale is also marked so that the rate of expansion of the globe, or
‘ball of fire’, can be found. Two series of declassified photographs are shown in
figure 6, plate 7.

These photographs show that the ball of fire assumes at first the form of a rough
sphere, but that its surface rapidly becomes smooth. The atomic explosive was
fired at a height of 100 ft. above the ground and the bottom of the ball of fire reached
the ground in less than 1 msec. The impact on the ground does not appear to have
disturbed the conditions in the upper half of the globe which continued to expand as
anearly perfect luminous hemisphere bounded by a sharp edge which must be taken
as a shock wave. This stage of the expansion is shown in figure 7, plate 8 which
corresponds with ¢ = 15msec. When the radius R of the ball of fire reached about
130 m., the intensity of the light was less at the outer surface than in the interior. At

Vol zor. A. [ 175 ] 12
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0.66 MS.

0.80 MS. 4

100 m.
Fiaure 6. Succession of photographs of the ‘ball of fire’ from ¢=0-10 mseec. to 1-93 msec.

(Facing p. 182)
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later times the luminosity spread more slowly and became less sharply defined, but
a sharp-edged dark sphere can be seen moving ahead of the luminosity. This must be
regarded as showing the position of the shock wave when it ceases to be luminous.
This stage is shown in figure 8, plate 9, taken at ¢ = 127 msec. It will be seen that the
edge of the luminous area is no longer sharp.

The measurements given in column 3 of table 1 were made partly from photographs
in Mack (1947), partly from some clearer glossy prints of the same photographs
kindly sent to me by Dr N. E. Bradbury, Director of Los Alamos Laboratory and
partly from some declassified photographs lent me by the Ministry of Supply. The
times given in column 2 of table 1 are taken directly from the photographs.

TaBrLE 1. RADIUS R OF BLAST WAVE AT TIME { AFTER THE EXPLOSION

t R

authority (msec.) (m.) logo ¢ log, B $logy, R
0-10 11-1 1-0 3-045 7-613
0-24 19-9 4-380 3-298 8-244
strip of small images 0-38 25-4 ?580 3-405 8-512
MDDC 221 < 0-52 28-8 é-716 3-458 8-646
0-66 31-9 4-820 3-504 8-759
0-80 34-2 4-903 3:535 8-836
0-94 36-3 4.973 3-560 8-901
1.08 38-9 3-033 3-590 8-976
1-22 41-0 3-086 3-613 9-032
strip of declassified 1-36 42-8 3134 3-631 9-:079
photographs lent {1-50 444 3-176 3-647 9-119
by Ministry of Supply |1-65 46-0 3-217 3-663 9-157
1.79 46-9 3-257 3-672 9-179
1-93 48-7 3-286 3-688 9-220
3-26 59-0 3-513 3771 9-427
3-53 61-1 3-548 3-786 9-466
strip of small images 3-80 629 3-580 3-798 9-496
from MDDC 221 1407 64-3 3:610 3-809 9-521
4-34 65-6 3-637 3-817 9-543
14:61 67-3 3-688 3-828 9-570
150  106:5 2.176 4-027 10-068
large single photo- 250 1300 . 2:308 4114 10-285
aphs MDDC 221 34-0 145-0 %531 4-161 10-403
grap 530 175:0 2724 4243 10-607
62-0 185-0 2:792 4-267 10-668

To compare these measurements with the analysis given in part I of this paper,
equation (38) was used. It will be seen that if the ball of fire grows in the way con-
templated in my theoretical analysis, Rt will be found to be proportional to ¢. To
find out how far this prediction was verified, the logarithmic plot of £ log R against
log ¢ shown in figure 1 was made. The values from which the points were plotted are
given in table 1. It will be seen that the points lie close to the 45° line which is drawn
in figure 1. This line represents the relation

$log,o R—log, ¢ = 11-915. (1)
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The ball of fire did therefore expand very closely in accordance with the theoretical
prediction made more than four years before the explosion took place. This is sur-
prising, because in those calculations it was assumed that air behaves as though v,
the ratio of the specific heats, is constant at all temperatures, an assumption which
is certainly not true.

—

,

4
4
10-5— J/
//

ya

9.5 e

%logm B
[
% %br

8:5- /+/

7-5 1 I I | J
-40 =30 =20 ~1-0
log,e ¢
Ficure 1. Logarithmic plot showing that R# is proportional to ¢.

At room temperatures ¥ = 1-40 in air, but at high temperatures y is reduced
owing to the absorption of energy in the form of vibrations which increases C,. At
very high temperatures y may be increased owing to dissociation. On the other
hand, the existence of very intense radiation from the centre and absorption in the
outer regions may be expected to raise the apparent value of y. The fact that the
observed value of R5~2 is so nearly constant through the whole range of radii
covered by the photographs of the ball of fire suggests that these effects may
neutralize one another, leaving the whole system to behave as though y has an
effective value identical with that which it has when none of them are important,
namely, 1-40.

CALCULATION OF THE ENERGY RELEASED BY THE EXPLOSION

The straight line in figure 1 corresponds with

R5t2 = 6-67 x 102 (cm.)5 (sec.)2. (2)
The energy, X, is then from equation (18) of part I
4
E = A2{21rl +—-——~I}, 3
Po 1Ty —1) 2 (3)

12-2
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Fig. 2.6. Some experimental results on the heat transfer in various fluids in
various containers. The Nusselt number is plotted against the Rayleigh
number; O water; +heptane; xethylene glycol; @ silicone oil AK 3;
A silicone oil AK 350; A air; [ mercury. (After Silveston 1938 and
Rossby 1969.)

when convection ensues. The onset of instability may also be seen
directly with visualization techniques.

Silveston’s (1958) measurements of Nu(R, Pr) for various liquids
between two horizontal plates at distances d varying from 1.45 to
13 mm, together with Graaf & Held’s (1953) measurements for air
and Rossby’s (1969) for mercury, for values of R up to 10° are
shown in Fig. 2.6. Note the sudden increase of Nu near 1708 for a
wide variety of fluids. In fact Silveston (1958) found the experi-
mental value R. = 1700+ 51. Some relevant physical quantities for
these fluids are shown in Table 2.2.

Cells are made observable by various visualization techniques
and photographed, but measurements of their wavelength are not
very accurate. However, the wavelength is close to 24 at the onset
of instability between two rigid plates (Schmidt & Saunders 1938,
Silveston 1958). When the separation of the side walls is much
greater than d, hexagons seem to predominate for supercritical R.
As R increases they tend to join up, as if forming rolls. Disorder
increases with R until the motion seems to be turbulent when
R =5x10" (Schmidt & Saunders 1938), although more recently
experimentalists have detected some cellular structure up to much
higher values of R. Koschmieder (1966) has found that the side
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Table 2.2. Some physical constants of fluids at 20 °C and 10° Pa (i.e.
1000 mbar)

Copper (o3
-
polkgm™)  107% 107w L 107k 10*a
(m*s™2K™Y  (m?s7") (m*s ") (K™Y
Air .19 1.01(107%,) 154 248 34.5
Heptane 684 222 6.16 0.875 12.4
Water 998 4.18 10.06 1.433 2.07
Silicone
oil AK 3 912 1.61 32.0 0.779 10.6
Ethylene
glycol 1113 2.38 191.5 0.942 6.4
Silicone
oil AK 350 980 1.50 4670 1.061 9.2
Mercury 13550 0,139 1.15 44.0 1.82

walls affect the cell shapes in deep layers, and he has observed
circular rolls within a circular side wall and linear rolls within
rectangular side walls. (S. H. Davis’s (1967) theory is consistent
with these observations of linear rolls in so far as they are compar-
able, but better confirmed by the experiments of Stork & Miiller
(1972).) As R increases above R. the wavelength of the cells
increases.

On the basis of the linear theory just discussed, the cell pattern
and the direction of flow is in principle uniquely determined by the
initial conditions. In practice, however, observations of instability
are made at values of the Rayleigh number slightly above the
critical, and cell patterns and the direction of flow are largely
independent of the unknown initial conditions. The facts that the
motion has a preferred direction and is steady suggest that
nonlinearity is significant.

It is also found, for example, that a liquid usually rises in the
middle of a polygonal cell and a gas falls. Graham (1933) suggested
that this is because the viscosity of a typical liquid decreases with
temperature whereas that of a typical gas increases. This suggestion
was subsequently confirmed by Tippelskirch's (1956) experiments
on convection of liquid sulphur, for which the dynamic viscosity has

Drozh at Beid " Hydes dynomiy Stxbdoey
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Table 5.1. Properties of fluids in convection experiments at 20 °C

Mercury Air Water Glycerin
Prandt! number P 0.027 0.66 6.94 11,460
Depth d [cm] needed for R,=1708
for ,-T,=1°C 0.773 254 0497 3.47

favored because heat conduction between up- and down-going fluid parcels
diminishes the available buoyancy.

Mhccn ln aes mee el e nmal i e hinlh w antnally tande ta 7arn Qinee thic
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B /S
/
104 |- -
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i 3 Fig. 5.5. Transitions in thermal
= 1 i convection as a function of
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102 1071 1 10 102 108 104 others
P

Doppler velocimetry to obtain more detailed information on the time de-
pendence of convection. The picture that emerges from the new experimental
data is a complex one because the time dependence does not depend only on
the Rayleigh and the Prandtl numbers, but also on the aspect ratio of the
convection layer and perhaps even on the geometrical configuration of the
sidewalls. In addition, the initial conditions can have a significant effect even in
cases when the spatial pattern of convection does not depend much on the
history of the experiment. [5.5].

There appears to be general agreement that the evolution of the time
dependence of convection is distinctly different in small and in large aspect
ratio layers [5.4, 88, 89]. In the latter case, the time dependence of convection
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Deterministic Nonperiodic Flow!

EpwarD N. Lorenz

Massachusetts Institute of Technology

(Manuscript received 18 November 1962, in revised form 7 January 1963)

ABsTRACT

Finite systems of deterministic ordinary nonlinear differential equations may be designed to represent
forced dissipative hydrodynamic flow. Solutions of these equations can be identified with trajectories in
phase space. For those systems with bounded solutions, it is found that nonperiodic solutions are ordinarily
unstable with respect to small modifications, so that slightly differing initia] states can evolve into consider-
ably different states. Systems with bounded solutions are shown to possess bounded numerical solutions.

A simple system representing cellular convection is solved numerically. All of the solutions are found
to be unstable, and almost all of them are nonperiodic.

The feasibility of very-long-range weather prediction is examined in the light of these results.

1. Introduction

Certain hydrodynamical systems exhibit steady-state
flow patterns, while others oscillate in a regular periodic
fashion. Still others vary in an irregular, seemingly
haphazard manner, and, even when observed for long
periods of time, do not appear to repeat their previous
history.

These modes of behavior may all be observed in the
familiar rotating-basin experiments, described by Fultz,
et al. (1959) and Hide (1958). In these experiments, a
cylindrical vessel containing water is rotated about its
axis, and is heated near its rim and cooled near its center
in a steady symmetrical fashion. Under certain condi-
tions the resulting flow is as symmetric and steady as the
heating which gives rise to it. Under different conditions
a system of regularly spaced waves develops, and pro-
gresses at a uniform speed without changing its shape.
Under still different conditions an irregular flow pattern
forms, and moves and changes its shape in an irregular
nonperiodic manner,

Lack of periodicity is very common in natural sys-
tems, and is one of the distinguishing features of turbu-
lent flow. Because instantaneous turbulent flow patterns
are so irregular, attention is often confined to the sta-
tistics of turbulence, which, in contrast to the details of
turbulence, often behave in a regular well-organized
manner. The short-range weather forecaster, however,
is forced willy-nilly to predict the details of the large-
scale turbulent eddies—the cyclones and anticyclones—
which continually arrange themselves into new patterns.

1 The research reported in this work has been sponsored by the
Geophysics Research Directorate of the Air Force Cambridge
Research Center, under Contract No. AF 19(604)-4969.

Thus there are occasions when more than the statistics
of irregular flow are of very real concern.

In this study we shall work with systems of deter-
ministic equations which are idealizations of hydro-
dynamical systems. We shall be interested principally in
ponperiodic solutions, i.e., solutions which never repeat
their past history exactly, and where all approximate
repetitions are of finite duration. Thus we shall be in-
volved with the ultimate behavior of the solutions, as
opposed to the transient behavior associated with
arbitrary initial conditions.

A closed hydrodynamical system of finite mass may
ostensibly be treated mathematically as a finite collec-
tion of molecules—usually a very large finite collection
—in which case the governing laws are expressible as a
finite set of ordinary differential equations. These equa-
tions are generally highly intractable, and the set of
molecules is usually approximated by a continuous dis-
tribution of mass. The governing laws are then expressed
as a set of partial differential equations, containing such
quantities as velocity, density, and pressure as de-
pendent variables.

It is sometimes possible to obtain particular solutions
of these equations analytically, especially when the
solutions are periodic or invariant with time, and, in-
deed, much work has been devoted to obtaining such
solutions by one scheme or another. Ordinarily, how-
ever, nonperiodic solutions cannot readily be deter-
mined except by numerical procedures. Such procedures
involve replacing the continuous variables by a new
finite set of functions of time, which may perhaps be the
values of the continuous variables at a chosen grid of
points, or the coefficients in the expansions of these
variables in series of orthogonal functions. The govern-
ing laws then become a finite set of ordinary differential
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Fig. 6.7 The Lorenz theory of the Earth’s atmosphere, illustrated in three typical

regimes: (a) atmosphere at rest; (b) atmosphere in ordered convection; (c) atmosphere
in turbulent convection.

twists into a nearly plane double spiral, having fractal dimension 2.06, this

fractal structure being a characteristic of the strange attractor (Fig. 6.7¢).1
Once we recognize the presence of a strange attractor we know that the

atmosphere is a dissipative system very sensitive to the initial conditions. Two

T Note that Fig. 6.7c is not a two-dimensional Poincaré section, but a representation of our
fictitious three-dimensional space in perspective. [t can be shown that the fractal dimension is less
than the number of degrees ol freedom of the system. In the present case, the fractal dimension 2.06
implies at least three degrees of freedom. conformably with the facts. (Of course, these are degrees
of freedom ordinary space.)
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puting machine. Approximately one second per itera-
tion, aside from output time, is required.

For initial conditions we have chosen a slight de-
parture from the state of no convection, namely (0,1,0).
Table 1 has been prepared by the computer. It gives the
values of .V (the number of iterations), X, ¥, and Z at
every fifth iteration for the first 160 iterations. In the
printed output (but not in the computations) the values
of X, ¥, and Z are multiplied by ten, and then only
those figures to the left of the decimal point are printed.
Thus the states of steady convection would appear as
0084, 0084, 0270 and —0084, —0084, 0270, while the
state of no convection would appear as 0000, 0000, 0000.

The initial instability of the state of rest is evident. All
three variables grow rapidly, as the sinking cold fluid
is replaced by even colder fluid from above, and the
rising warm fluid by warmer fluid from below, so that by
step 35 the strength of the convection far exceeds that
of steady convection, Then ¥ diminishes as the warm
fluid is carried over the top of the convective cells, so
that by step 50, when X and ¥ have opposite signs,
warm fluid is descending and cold fluid is ascending. The
motion thereupon ceases and reverses its direction, as
indicated by the negative values of X following step 60.
By step 85 the system has reached a state not far from
that of steady convection. Between steps 85 and 150 it
executes a complete oscillation in its intensity, the
slight amplification being almost indetectable.

The subsequent behavior of the system is illustrated
in Fig. 1, which shows the behavior of ¥ for the first
3000 iterations. After reaching its early peak near step
35 and then approaching equilibrium near step 83, it
undergoes systematic amplified oscillations until near
step 1650. At this point a critical state is reached, and
thereafter ¥ changes sign at seemingly irregular inter-
vals, reaching sometimes one, sometimes two, and some-
times three or more extremes of one sign before changing
sign again.

Fig. 2 shows the projections on the X-¥- and V-Z-
planes in phase space of the portion of the trajectory
corresponding to iterations 1400-1900., The states of
steady convection are denoted by C and C’. The first
portion of the trajectory spirals outward from the
vicinity of C’, as the oscillations about the state of
steady convection, which have been occurring since step
85, continue to grow. Eventually, near step 1630, it
crosses the X-Z-plane, and is then deflected toward the
neighborhood of C. It temporarily spirals about C, but
crosses the X-Z-plane after one circuit, and returns to
the neighborhood of C’, where it scon joins the spiral
over which it has previously traveled. Thereafter it
crosses from one spiral to the other at irregular intervals.

Fig. 3, in which the coordinates are ¥ and Z, is based
upon the printed values of X, ¥, and Z at every fifth
iteration for the first 6000 iterations. These values deter-
mine X as a smooth single-valued function of ¥ and Z
over much of the range of ¥ and Z; they determine X
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