PHYS 551 Quantum Theory, Fall 2021
1. Fundamentals

The postulates of quantum mechanics
1) State as a vector in Hilbert space | ).

)
2) Observables <> Hermitian operators, |¥) = > ¢, |a).
3) Measurement: |¥) — |a), Prob(a) = |(¢ | a)|*.
4) Time-evolution
Loy
h——=H |V
th=, &)

Hilbert space. Hilbert space as a vector space. Dual space. Inner prod-
uct. Adjoint operator and Hermitian operators. Proof that Hermitian oper-
ators have real eigenvalues and orthogonal eigenvectors. Unitary operators.
Change of basis operator.

Matrix representation of operators. How to find the matrix elements
given a basis. You should know how to find the eigenvalues and eigenvectors
of an operator (how to diagonalize it).

Degeneracy. The idea of a subspace. How to deal with degeneracy. Linear
combination of degenerate eigenstates is also an eigenstate.

Identity operator. Y, |n)(n|, [dz|z) (z|

Observables. Compatible and incompatible observables. The commutator
[A, B] If two operators commute, the basis vectors for one are also eigen-
vectors of the other. What happens when a sequence of measurements are
made on a system, either involving compatible or incompatible observables
(what happens to the state of the system after each measurement). The
generalized uncertainty relation

(AAP)(ABY) 2 § (14, B,
Useful commutators.
2] = ih, [xi,f<p>1=m§—]fi, i gl@)] = i

Unitary operators. UfU = 1. Preserves the inner product. Change
of basis operator U = )" |b,) (an|. Unitary equivalent observables A and
UTAU have the same eigenvalue spectrum.



Composite systems. General state (two component system) U = > ¢,y |a) |b)
where |a) is a basis in Hilbert space 1 and |b) is a basis in Hilbert space 2.
Dimensions of the combined Hilbert space is n x m.

Entanglement and correlated observables. Observables in 1 and 2
are uncorrelated if the state is a product state |¥) = |¥;) |¥s); otherwise
the state is entangled and observables are correlated. The EPR state ¥ =
(|11) — [41)/v/2. The EPR paradox and how Bell’s inequalities rule out
hidden variable theories.

Quantum computing. The qubit. The general state of the qubit and
the Bloch sphere. The basic idea of quantum computing, its advantages,
and the challenges in implementing it. Examples of quantum gates (NOT,
Hadamard operator, CNOT). The idea of a control register and why it is
useful.

The density operator p = ) p,|n)(n| and its properties Tr(p) = 1,
(A) = Tr(pA). Pure states vs. mixed states. Tr(p?) < 1. The reduced

density operator. Entanglement with the environment: decoherence and
measurement.



2. Time-dependent systems

Time-dependent Schrodinger equation
0 .

e |y) = [

i) = H )
and the idea of time-evolution by expanding in stationary states (H |E) =
E|E))

) => agl|E)
with

ap(t) = ag(0)e YN,

Time-energy uncertainty relation. The idea that time-evolution de-
pends on superpositions of stationary states, with observables evolving at
a rate that depends on the energy differences. The uncertainty relation
AEAt 2 h.

Time-evolution operator

W) = U(t) [(0))

obeys

O . .
h_U = HU.
zhatU U

For a time-independent Hamiltonian,

U(t) _ e—iI:It/h _ Z ‘E) <E‘ e—iEt/h'
E
Time-dependent Hamiltonian
. i [t
U(t) = exp [——/ H(t’)dt’]
h Jo

where you have to be careful about time-ordering in the integral.

Heisenberg picture. Make sure you understand the differences between
Schrodinger and Heisenberg pictures. In the Heisenberg picture, the opera-
tors evolve according to A(t) = UTA(0)U, states are time-independent, basis
vectors |n(t)) = UT(t) |n(0)).

The equation of motion

dA A H] ATaAA
o= +UEU.




Mixed states. Density operator evolves in time in Schrédinger according
to R
dp _ [A,))
dt  ih

The interaction picture. H = Hy + V(t). Use Heisenberg for Hy and
Schrodinger for V (t):

0

where Vy(t) = eot/My (t)e=tHot/h With |4), expanded in stationary states
W)= ealt) In)

the coefficients obey
ihc, = e“rmty e

Vom = (n|V (t)|m) , hwpm = Ep — En,

The two state system with V o< ™! as an example.

Fermi’s golden rule. The transition rate from a state |n) with energy E,
to a state |f) with energy Ey is

=== 9(Ey) [([IVolm)*,
where g(F) is the density of states in energy (number of states between
E and E + dE is g(E)dE), V = Vpe™! is the perturbing potential and
Ef =F, + hw.

Time-dependent perturbation theory. ¢, (t) = S (t)—i—c,(@O) (t)—i—c%o)(t)...

For ¢ = 6,um (initially in stationary state m),

t

() ==+ [ otV (t)dt
hJo

N 2 t t/
7 iw / iw 1"
e (t) = <_ﬁ> Zg:/o dit | di"e Vg (i) Vi (1)

Position and momentum eigenstates. The position operator & and its
eigenstates |x). Wavefunction ¥(x) = (x| ¥). Probability density | (x| ¥)|?.
Orthonormality (x| z') = 6 (x — 2’). The momentum operator p = —ihd/Ox
and its eigenstates (x| p) = (2wh)~1/2ePe/h,



Adiabatic and sudden transitions. A sudden change in the Hamiltonian
leaves the state unchanged. A slow change in the Hamiltonian leads to
adiabatic evolution of the state H(t) |n(t)) = Ey(t) [n(t)). The Berry phase

t
0
— 1 / —
’y—z/o dt <n\atn>

and its expression in terms of integrals in parameter space

7:}{dR~A; A =1i(n|Vg|n).

Propagator and path integrals. K (z,t;2/,t') = (x, t|2/,t') = (x|e /g7y
Equal to 6(x — 2’) for t = /. Integral solution of Schrédinger’s equation

P(x,t) = /dx’K(a?,t; o ) ).

Free particle propagator

K=y 2mh€:— 1) P <Z(2mh(_t gi,):')m>

The path integral

(. 1]’ 1) = / Dla(t)] e/Sle®)/n

where S = [ dt L(t) is the action associated with a particular path.



Harmonic oscillator

a= .M i’—i—ii at = 1 '@_Z’i
—V 2n mw)’ ~V 2n mw
alny =+vnln—1), atln)y =vn+1|n+1), [a,a1] =1

Time-independent perturbation theory

~ 2
: [Gby:AR
AEW = (n°|\H|n") AE?) =

n

E - B

m#n

mo g TZO
In) = ‘n0> + Z M ,m0>

2 5D gD
Motion in electromagnetic fields
Hamiltonian )
g (P - 5;4) o
Mechanical momentum
T=p—qA, (75, 5] = ihqge;ji By

Gauge transformation

A— A=A+ VA(r) ¢—>¢’:¢—%
) = [¢f) = T/ |3

leaves (z) and (7) gauge invariant.

Landau levels. Charged particle in uniform B-field. Energy levels are

1 p?

En:hwc<n+§>+ﬁ
with cyclotron frequency w. = ¢B/m.
Stationary states in the z-y plane

h

U(z,y) = ™ fop(z — q_B)



where f,r(x) is the nth stationary state of the harmonic oscillator with
origin shifted to @ = (h/qB)k. Energy depends only on n, not k.
You should know how to write down the density of states for a free

particle
dn — Bkdx B dpdiz

(2m)3 — h3
Each Landau level has

gB B

2rh @

states per unit area. (This is just the number of states in energy range
hw, for an unmagnetized system “collapsed” into the Landau level.) &g =
21h/q =4 x 1071 T m? is the “Aux quantum”.

Magnetized Fermi gas: at T' = 0 a gas of fermions fills the levels up to the
Fermi energy. The quantization into Landau levels introduces oscillations
in quantities such as the total energy of the gas.

Atomic transitions. Application of Fermi’s Golden Rule to atomic transi-
tions. How to write down the vector potential for an electromagnetic wave.
The electric dipole approximation. How to write down the density of states
for a transition to a bound state or a continuum state. The concept of
selection rules and how they arise from the matrix element (f|x|q).



3. Multi-particle systems

Non-interacting particles and exchange symmetry If the Hamiltonian
can be written as a sum of single-particle Hamiltonians then we can write
down the stationary states as a product of single particle stationary states

P(ri,r2) = P1(r1)va(rs).

Fermions and bosons The stationary states must be either symmetric
or antisymmetric under exchange of any two particle labels. Bosons (in-
teger spin) are symmetric; fermions (half-integer spin) are antisymmetric.
Consequences:

Pauli-exclusion principle Fermions cannot occupy the same quantum state.
E.g. atomic levels, Fermi gas

Bose-Finstein condensation Bosons can occupy the same state. At T =
0, can form a condensate, with a macroscopic number of particles in the
ground state. Paired fermions can act as bosons, e.g. in superfluids and
superconductors.

The helium atom. Use the hydrogen-like atom wavefunctions as single
particle states. Solution by perturbation theory or variational principle.
Singlet and triplet states can have different energies even without spin terms
in the Hamiltonian, because they imply different symmetries for the spatial
wavefunction.

Second quantization. Occupation number representation of the state of
a multi-particle system |nj,no,...ny). Creation and annhiliation operators
and their (anti)commutation relations.

[az,a;] =0, [aia;]=0, [ai,a}] = 0j; bosons
{a;r,a;r-} =0, {aj,a;} =0, {ai,a;} = 0;j fermions

An additive single particle operator can be written
K= Z kia;fai
i

in a diagonal basis (where the creation and annhiliation operators add or
remove particles from the eigenstates of the operator), or

M =" ala; (ki| M]kj)

i7j



for a non-diagonal basis. Pairwise interaction:
1 £t
V= 3 Z Vija;aza;a;
]

or
1 ..
Y = 3 Z (17|V']€n) a;fa;r.anag,
ijén
where
(i§|VIen) =" Vag (kilma) (malke) (kjlmg) (mglkn) .
af

For a two body potential in the momentum representation

1 .
Y = 5 /d3pid3pjd3q V(q) aLiJranpj_qapjapi

where g is the momentum transfer and

Vigq) = /d3cc XV ().

Pairing. Cooper instability: an arbitrarily weak attractive potential near
the Fermi surface leads to bound states of two electrons. Phonon scatter-
ing at low frequency as the origin of the attractive potential between two
electrons.

The BCS Hamiltonian

H = Z €xng + Z ka’C;tTCT_mC—kak'T
ko kK’

and ground state
|'¢G> = H (uk + UkCLTCT_ki) ‘O> .
k

The broadening of the Fermi surface that allows electrons to interact, low-
ering the total energy. The condensation energy —(1/2)g(Er)A2. Size of a
Cooper pair > electron separation. Excitations: Ejy = (£2 + A?)1/2,



4. Relativistic quantum mechanics

Klein-Gordon Equation

w9, — (M) w= [L2 - 2‘@)1 _

[aa# (h }\I/ [CQW vi— () | =0
Represents spin zero particles (no spin components). Gives the correct
energy-momentum relation for free particles E? = (pc)? + (mc?)?. Can
incorporate EM fields by using D, = 0, + igA,/hc (equivalently replace
Pu = P — qAu/c), where AF = (¢, A), p* = (E/c,p). (Using cgs units for
EM here)

Compton wavelength. \c = h/mc. The scale on which particle energies
become comparable to their rest mass. The idea that this can lead to particle
production, which ultimately leads to the breakdown of the single particle
wave equation approach and instead to second quantization / quantum field
theory.

Particles and antiparticles. The Klein Gordon equation has positive
and negative energy solutions. Interpret them as representing particles or
antiparticles. If ¥ solves the KG equation for charge ¢, ¥* solves the KG
equation for —g. Because the KG equation is second order, we need to
specify both ¢ (x) and 01 /0t at t = 0 which we can think of as specifying
both the particle and antiparticle components.

Dirac equation.
mc

(iv9, - ) w =0

where ¥ is a four-component spinor that tracks up and down spin and
particle/antiparticle. Written as 2x2 matrices of 2x2 matrices, the gamma

matrices are 4
0 __ 1 0 i 0 ot
7= o1 T 0 )

where o' are the Pauli spin matrices (i = x,9,2). The gamma matrices
satisfy (7°)2 = 1, (%)% = —1,

1
S0 =

Dirac Hamiltonian.
H = a - pc+ fmc?



where o = y%9% and 8 = 4°. Can use this to derive a probability conserva-
tion law 9
. P .

where
gt = Uyt
and ¥ = W¥f40  The probability density is p = ¥T¥ = (E/mc?)¥¥ and
current is j = Uia¥ = p¥W¥/mec. Introducing a magnetic field and tak-
ing the non-relativistic limit, we end up with the usual spin Hamiltonian
72/2m — p - B where u = g(q/2m)S and S = (h/2)o.
Free particle solutions:

E = +E,, -thelicity Y = (1,0,pc/(E, +mc?),0)

E = —E,, +helicity Y = (—pc/(E, +mc?),0,1,0)
E = +E,, —helicity Y = (0,1,0, —pc/(E, + mc?),0)
E = —E,, —helicity Y = (0, pc/(E, +mc?),0,1)

(with normalization factor 2E, /(mc?+E,) omitted and also ¢ o< exp(—ip*z,/h).)

Helicity ¥ - p — projection of spin onto the momentum direction. The
Dirac Hamiltonian commutes with the helicity operator, so helicity is con-
served in a given frame. Lorentz transformation mixes left and right handed
helicities.

Charge conjugation: if ¥ is the wavefunction (spinor) for a particle with
charge ¢, then iy?¥* is the wavefunction for the corresponding antiparticle
with charge —q. [Here the matrix 2 is 4* with i = 2.]
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1.23 Consider a three-dimensional ket space. If a certain set of orthonormal kets—say,
|1), ]2), and |3)—are used as the base kets, the operators A and B are represented

by
a 0 0 b 0 0
A=1 0 —a ©0 , B=1 0 0 =ib
0 0 -—a 0 1ib 0
with a and b both real.

(a) Obviously A exhibits a degenerate spectrum. Does B also exhibit a degenerate
spectrum?

(b) Show that A and B commute.
(c) Find a new set of orthonormal kets that are simultaneous eigenkets of both A

and B. Specify the eigenvalues of A and B for each of the three eigenkets. Does
your specification of eigenvalues completely characterize each eigenket?
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CHAPTER 4

measurement, though the eigenvalue will not, as the following example will show.
Consider two operators A and Q on V(R). Let |w34;) be one common eigenvector.
Let 4, =A,=A. Let @, # o, be the eigenvalues of Q in this degenerate space. Let us
use as a basis [@,4), |2A), and |wsAs). Consider a normalized state

ly)=alwsds)+ Blwd) +7|wd) (4.2.16)

Let us say we measure € first and get w;. The state becomes |@3;4;) and the subse-
quent measurement of A is assured to give a value A; and to leave the state alone.
Thus P(®3, A1) =|{@sAs| w)|*=a’ Evidently P(w;, A3) = P(1s, w3).

Suppose that the measurement of 2 gave a value @, . The resulting state is [@ 1)
and the probability for this outcome is | (w:A| ¥ >|>. The subsequent measurement of
A will leave the state alone and yield the result A with unit probability. Thus P(w,, 1)
is the product of the probabilities:

P(ar, D) =[{o Ay 1= Ay = (4.2.17)
Let us now imagine the measurements carried out in reverse order. Let the result

of the measurement be A. The state | ') after measurement is the projection of |y )
in the degenerate A eigenspace:

, Pily) WAty @A) ‘
o= cad ]/sz 12 )2/1/22 (4.2.18)
[Py Pay >l (B +7)"
where, in the expression above, the projected state has been normalized. The prob-
ability for this outcome is P(1)= B>+ 7°, the square of the projection of |y in the
eigenspace. If Q is measured now, both results ©, and w; are possible. The probability
for obtaining @, is |<{@,A|y'>|*=B*/(B>+ y*). Thus, the probability for the result
A=A Q=w,, is the product of the probabilities:
ﬁ2

ﬁz+y7_=l32=P(w1, A) (4.2.19)

P(A, )= (B*+7?):

Thus P(®w,, A)=P(A, ®,) independent of the degeneracy. But this time the state
suffered a change due to the second measurement (unless by accident |y’)> has no
component along |@,A»). Thus compatibility generally implies the invariance under
the second measurement of the eigenvalue measured in the first. Therefore, the state
can only be said to remain in the same eigenspace after the second measurement. If
the first eigenvalue is non-degenerate, the eigenspace is one dimensional and the state
vector itself remains invariant.

In our earlier discussion on how to produce well-defined states |y ) for testing
quantum theory, it was observed that the measurement process could itself be used
as a preparation mechanism: if the measurement of Q on an arbitrary, unknown
initial state given a result @, we are sure we have the state |y) =|w). But this
presumes o is not a degenerate eigenvalue. If it is degenerate, we cannot nail down
the state, except to within an eigenspace. It was therefore suggested that we stick to
variables with a nondegenerate spectrum. We can now lift that restriction. Let us
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Chapter 1 Fundamental Concepts

la) |5") [¢)
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" E - El

(b)

FIGURE 1.8 Sequential selective measurements.

Likewise,
BA|d',b')y = Bd'|d’,b") = a'b'|d’,b'); (1.4.43)
hence,
AB|d',b'y = BAl|d',}’), (1.4.44)

and thus [A, B] = 0 in contradiction to the assumption. So, in general, |a’,b’)
does not make sense for incompatible observables. There is, however, an interest-
ing exception; it may happen that there exists a subspace of the ket space such that
(1.4.44) holds for all elements of this subspace, even though A and B are incom-
patible. An example from the theory of orbital angular momentum may be helpful
here. Suppose we consider an [ = 0 state (s-state). Even though Ly and L, do not
commute, this state is a simultaneous eigenstate of L, and L, (with eigenvalue
zero for both operators). The subspace in this case is one-dimensional.

We already encountered some of the peculiarities associated with incompati-
ble observables when we discussed sequential Stern-Gerlach experiments in Sec-
tion 1.1. We now give a more general discussion of experiments of that type.
Consider the sequence of selective measurements shown in Figure 1.8a. The first
(A) filter selects some particular |a’) and rejects all others, the second (B) filter
selects some particular |»’) and rejects all others, and the third (C) filter selects
some particular |¢’) and rejects all others. We are interested in the probability of
obtaining |¢’) when the beam coming out of the first filter is normalized to unity.
Because the probabilities are multiplicative, we obviously have

(' 1B)) 216 |a) 2. (1.4.45)

Now let us sum over &’ to consider the total probability for going through all
possible ¥ routes. Operationally this means that we first record the probability of
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obtaining ¢’ with all but the first b’ route blocked; then we repeat the procedure
with all but the second &’ blocked, and so on; then we sum the probabilities at the
end and obtain

Y KPR P =) (1) 'V a!|b' Y (b ). (1.4.46)
b’ 14

We now compare this with a different arrangement, where the B filter is absent
(or not operative); see Figure 1.8b. Clearly, the probability is just |(c’|a’}|?, which
can also be written as follows:

2
=ZZ(C’Ib’)(b'Ia’)(a'lb”)(b"lc’). (1.4.47)

b/ b//

(1a)? = | Yo' 1b) 'y
b/

Notice that expressions (1.4.46) and (1.4.47) are different! This is remarkable
because in both cases the pure |a’) beam coming out of the first (A) filter can be
regarded as being made up of the B eigenkets

la'y =" 1p")(¥'la", (1.4.48)
b/

where the sum is over all possible values of &’. The crucial point to be noted is that
the result coming out of the C filter depends on whether or not B measurements
have actually been carried out. In the first case, we experimentally ascertain which
of the B eigenvalues are actually realized; in the second case, we merely imagine
la’) to be built up of the various |»’)’s in the sense of (1.4.48). Put in another way,
actually recording the probabilities of going through the various &’ routes makes
all the difference even though we sum over b’ afterwards. Here lies the heart of
quantum mechanics.

Under what conditions do the two expressions become equal? It is left as an ex-
ercise for the reader to show that for this to happen, in the absence of degeneracy,
it is sufficient that

[A,B]=0 or [B,C]=0. (1.4.49)

In other words, the peculiarity we have illustrated is characteristic of incompatible
observables.

The Uncertainty Relation

The last topic to be discussed in this section is the uncertainty relation. Given an
observable A, we define an operator

AA=A—(A), (1.4.50)

where the expectation value is to be taken for a certain physical state under consid-
eration. The expectation value of (A A)? is known as the dispersion of A. Because
we have

(AAY) = (A% —2A(A) + (A)%)) = (A®%) — (A)?, (1.4.51)
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Quantum gates

A quantum gate is a unitary operator that evolves a single qubit or system
of qubits. An example is the NOT gate that acts on a single qubit as follows:

X10) = 1)
X 1) = [0)

Just a reminder that the states |0) and |1) are eigenstates of the Z operator.

In this computational basis, the Z operator is
. 1 0
z_<0_1)

Questions:

1. Write down the matrix representation of X

Computing the matrix elements, e.g. (1|X]0) = (1]1) = 1 etc. gives
; 01
(00,

2. What happens when X operates on the general state a |0) 4 3 [1)?

X (o|0) + B]1)) = a[1) + B0)

or if we write the state as a vector,

3. What are the eigenvectors of X (let’s refer to them as |+) and |—)) in
terms of |0) and |1)?

We already know the answer from the Pauli spin matrices,

[+ =5 (0 +1) =5 (1)

1 &

) = 55 (0= 1) =

Sl



4. Write down the operator that changes basis from |0), |1) to |[+), |—).
This is an important operator known as the Hadamard operator.
What is the matrix representation of this operator in the |0), |1) basis?

The operator that changes |0) to |+) and [1) to |—) is

Gu =100+ = (1 L),

5. What does Z do to |+) and |—)?

2l ==, Zl-) =+
Note that this means Z acts like a NOT operator for the |+) |—) basis.

6. Are X and Z unitary?
Yes, you can verify that UUT = UTU =1 for both X and Z.

Now consider a two qubit system, with general state a|00) +b|01) +¢|10) 4+
d|11). We can write this as a 4-component vector

QO R

7. Write down the matrix representation of the operator that applies a
NOT to qubit 2 but leaves qubit 1 unchanged.

We need an operator that changes
|00) — |01)

|01) — |00)
|10) — |11)
|11) — |10)



The matrix representation is

0100
1 0 00
00 01
0010

Finally consider N qubits.

8. If we initialize each one in the state |0) and then apply the Hadamard
operator to each one in turn, what is the resulting state?

The Hadamard operator acts on a single qubit and takes |0) — |+). So
if we operate on each qubit with the Hadamard operator, the state becomes

W = [ [ [ )

or multiplying out in terms of |0) and |1)

1

\I/:W

(10) |0) ... [O) 4 {0) |0} . [1) A4 oo A4 1) [1) .. |1))

which we can write as

1

\II:W

(J0) + 1) +[2) + ... + 2V — 1) + |2V — 1))

This state is an equal superposition of all possible states for the N qubits.
This is the maximally entangled state.
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Density operator

1. Imagine we have an experiment in which we try to prepare qubits in the
state |0), but it fails now and again and with probability p produces a |1).
(a) Write down p. What is Tr(p?)?

p=(1-p)[0) 0] +p|1) (1]

To find the matrix representation of p, calculate the matrix elements (0[p|0),

(0|p|1) etc. This gives
_(1-=p O
p_( 0 p)'

Multiplying the matrix by itself gives
o (11— p)? 0

Tr(p®) = (1—p)>+p*=1-2p(1 —p).

Therefore the purity is

Note that Tr(p?) = 1 for p = 0 and p = 1, as expected since the system is
then in a definite quantum state. The minimum value of Tr(p?) is 1/2, when
p = 1/2; which is the state of maximum uncertainty (|0) or |1) are equally
likely).

(b) Repeat for the case where the failure mode is to produce a |+) state.

Now we write
p=(1-p)[0) O] +p|+) (+]

(this emphasizes the point that the states in the sum do not have to be
orthogonal to one another). Using |+) = (]0) + [1))/v/2, we find

(L E)

(5 )



Tr(p*) =1—p+p*=1-p(1-p).
This has the correct limits as before. Note that the minimum value is now
greater than 1/2.

2. A qubit is in the state a'|0) + 3|1). What is p? What is Tr(p?)?

p=|U) (U] = |a]?|0) (0] + |B? 1) (1] + a*B[L) (O] + B |0) (1]
[ la]* Bra
p‘(aw WF>'

2 |a|2 B*a )
p_(MBWP'
Tr(p?) = la]* + [B* = 1.

As expected since we are in a definite state, so p?> = |U)(U||¥) (V| =
|U) (U] = p (since (¥|¥) =1). *



Sep 29, et

LO\S(T ’HV‘%, we  duscussed kle O(e,hsfkn 0pe,rnl-ur

R

'PDF G S]‘(DLC S\lj_f‘(‘ﬂl’\/\) UI/\U‘Q [L»f/;> aC_ rDSJI-!QL&
stakes of the system,

I&&\S \Cfov"\ ICL\S{.' {_\W‘(, .
Ex[)e_(kaon valve, (T> = [r (jA>
PU*"U‘:% i (jl) < |

Poe sture Tr (52) = |
Mixed shuke.  Tr f2)<\

NOW Consider Cﬂ"'\rof;te, 5354—8[\45. Wﬁ/’” See
EL\M- kh‘n@s 6&{: }f\*‘o‘ﬂs‘h‘nﬁi



F]VSE) Noke EL\MT W Céahn ur‘ibﬁ, Et\e,

Wmmﬁ&mLﬁLD@%m_

In Sorg bosis  |[hD  as

T = i e et
i d

|
/N

Since. blais  gives
J

N

(h/ MY = 5 e <|n!|°><\‘)!tv\>

VAR a J \




Now leals do thys for & Composike
SnSke P
10 S L

fo= S la>Ih> g <al<h,)

l/\’]/klﬂ
L
basis Ve ckors jn

Jms?s vedks rs in

H\'JL&(‘{’ 560@2/4_ HI(LCJ"E 56&[{, 2_
f/fg)mﬂwfa of erg S iokes if
Og){)’ﬁvf“or A Orw—mr ‘% .

Consider  observdle &2 in Helbert space L
e, ( acs th on the ]a,—) 3”‘@4-&5/ het the
H:; D> SHates.

—

WC khow EL\&\L‘ (Q> = T[\()Q&>

= 2 <al<b ) R fa> k>

M) h

Noww insert k)



N % b (i ,“"{’J>f‘¢’td@<akl’;9

ke
Q fa.bu>
Ve have Eerms
CanbnlaihyD = 84 8
lah, | R Jab.> = §, <al8]a,>

= T“(f&> = "%k fnmkm <ak‘&lah>

= % <ﬁk|&{a“> 2 Fhmkm
/ i/\/\_/
&) o L@m oVer

the Uﬁ&x&’rﬁts of
[/\\H?C/C SFDLCL Z-



We debre the reducest densisy makix

i = < l)h I /\I?_ I £h>
fro—a=
({_ﬁL@ the &race over the 05“5#&*@)

) Z <l7n“>\5>l“i> Joi\le (ﬁkl<l>/,H>n>

nijl

= & > Py <4
i [0L })lnkh kJ
Lkl proatvix ¢Agprents
jJL = <0L0 ) J/J\\ lﬁtﬂ>

= 2 fintn-

C;vwf)am\nﬁ lA/;/CL (ﬁU we See Chak

&> = % Cay \QL a2 f



(\gwc Tr(fl(ggﬁ
= % (ah}(é . Lf[nkn<“kl>

BERa2
= i—hk fl"'\hkh <0‘k ,& lam>

= % T < @ s

Se ohwe we calewlure e rediced
a(zAsLKb/ el X, We Can \;)\A,SE use. & oS
wsucd  as  khe dons itk s x Lor l’/f/éefe
space 1.



Reduced density operator

Consider two particles in the EPR state

0 = j§<|01> o))

(a) Write down the density matrix using the basis (]00),[01),|10),[11)).
Verify that it has the properties you expect for a density matrix of a pure
state.

(b) Taking the trace over particle 1, derive the reduced density matrix for
particle 2. Write out the matrix using the basis |0), |1) for particle 2. Does
this reduced density matrix correspond to a pure state or a mixed state?

(c¢) How does the reduced density matrix you found in part (b) compare with
the density matrix for a single particle in the pure state [¥) = (]0)+|1))/v/2?
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Helium atom

The helium atom is interesting as an example of a two-fermion system with
interactions.

A reminder about hydrogen. The stationary states 1,4, () of a hydrogen-
like (single electron) atom are labelled by n, ¢ and m, where n tells you the
energy of the state,

FE, = —%azszec2%
and ¢ and m specify the orbital angular momentum (the angular part of the
wavefunction is o Yy, (6, ¢) o< €™ Py(cos6)). The ground state wavefunc-
tion is 1

—e—r/az
1/2,,3/2
ml/2a)

Y100(T) =

)

where az = ap/Z and ag = h/(amec) is the Bohr radius. Another way to

write the energy is in terms of e?/4megag = a®mec?.

e Plug numbers into the formulae above for E,, and ag and check that
they give the values you expect. (If you know the electron rest mass
in keV that will give you a useful starting point).

e A useful number to remember is m.c? = 511 keV, which gives the
binding energy of hydrogen as (1/2) x (1/137)? x 511 keV = 13.6 eV.

e For the size, the lengthscale h/mec is the Compton wavelength of the
electron. Putting numbers gives ap = a~!(h/mec) = 0.53 x 10710 m =
0.53 A. Another useful quantity to remember is that ic = 197 MeV fm,
so we can also compute this as

he 197 MeV fm 197 x 137 4
a0 Mec? a 511 keV 0.511 5-3 > 107 fm

Ground state. We can construct the Hamiltonian for helium by taking
two copies of the hydrogen Hamiltonian and adding the Coulomb interaction
between the two electrons:

62

H=H +Hy+——
47T60|’l“2 —7Tr1



B pf Ze?
T om 4rreg|r;]
where r1 and ro are the positions of the two electrons, and Z is the charge
on the nucleus (Z = 2 in the case of helium).

e Assume the electrons are non-interacting. Write down the wavefunc-
tion for the ground state in terms of the single-particle hydrogen-like
atom wavefunctions ¥,zs,. What are the units of your wavefunction?

e What do you predict for the ground state energy (i.e. the ionization
energy of helium) ignoring the electron-electron interaction?

e Estimate the relative size of the interaction term at the “back of the
envelope” level. How much do you expect the interaction term to
change the ground state energy?

e We can construct the ground state by putting both electrons into g,
but then we need an antisymmetric spin state (singlet) so that the

wavefunction is overall antisymmetric:
B(re.ra) = duon(ra)a(ra) 75 (1) 1) = 1) 11).

Note that it is not possible to write down an antisymmetric spatial
wavefunction when both electrons have the same single particle wave-
function, so there is no ground state wavefunction where the electrons
are in the spin triplet state.

e The two-particle wavefunction has the normalization integral

/d3r1/d3r2 |w(r1,r2)|2 =1

from which we can see that ¢ has units of 1/length® (as makes sense
since it is the product of two single particle wavefunctions, and single
particle wavefunctions have units 1/(length)3/2.

e Ground state energy:
(Hi + Ha)Y = Eg¢.

Each term gives a contribution —13.6 eVZ2, which for Z = 2 gives a
total ground state energy

Ey = —108.8 eV.



e Looking at the Hamiltonian and assuming that 1/(re — 1) ~ 1/r; on
average, the interaction term is 1/4 of the sum of H; and Ha. So the
correction should be about 20% of the total energy. The interaction
term is positive because the electrons repel each other. A guess for
the true ground state energy is therefore

Ey~ —108.8 eV x 0.8 = —87 eV.

The electron interaction term is a significant correction. This guess is
not too far from the actual value of ~ —79 eV.

Excited states.

e Write down all possible wavefunctions for the first excited state.

e Write down the first order perturbation theory estimate of the cor-
rection to the first excited state energy due to the electron-electron
interaction. Just write down the integral that you would need to do,
no need to evaluate it. Does the energy depend on the choice of excited
state wavefunction? Explain what is happening physically.

e The first excited state corresponds to having one electron in n = 1
and the other in n = 2. Because the spatial wavefunctions are now
different, it is possible to write down an antisymmetric spatial wave-
function, so the spin triplet state is now an option. The two possible
wavefunctions are

Ys(ri,m2) = % [¥100(71)V20m (12) + Y2em (r1)Y100(72)]

with the electrons in a spin singlet state, or

Pi(r1,m2) = % [¥100(71)VY20m (12) — Y2em (r1)¢100(72)]

with the electrons in a spin triplet state.

e With the four possible combinations (¢, m) = (0,0), (1,—1),(1,0),(1,1)
and the four possible spin states (one singlet, three triplet), we end up
with 16 possible wavefunctions.



e The first order correction to the energy is

62

('Pl,’f'2).

AFE = /d3'l°1/d3’l"2 Q/)*(’l"l,’l“z)

dmeg|ra — 7“1|w

If you substitute 15, there are four terms

2

AE = %/d‘grl/d?’rg 111?00(7'1)1#;%(7“2)m%oo(ﬁ)%em(ﬁ)
+ %/dgrl/d?’rg w{oo(rl)w’g“gm(rg)Wj_m%em(ﬁ)%oo(ﬁ)
- %/d?’rl/d?’m lﬁ;em(rl)wfoo(ﬁ)ijlﬁloo(ﬁ)%em(ﬁ)
+ %/dgrl/d?’m ¢§em(7°1)1/1foo(7°2)Wj_mwzem(rl)wmo(m)

We can write this as AE = I + J with

62

I= /d3r1/d37°2 19100 (1) [?[Y20m (12) |2

47T€0|’l"2 — T

and

2

J = /d37°1/d37“2 Yi00(T1)V30m (T2) V20m(71)P100(T2)-

dmeglre — 71|

e If we instead use 9, corresponding to the spin triplet state, the energy
shift is AE = I — J. The spin triplet state has a lower energy
than the spin singlet state, even though there is no spin term
in the Hamiltonian. The symmetry of the spin state introduces
(anti) correlations in the positions of the two electrons. When the
spin state is symmetric, the spatial wavefunction is antisymmetric,
giving a low probability that the electrons will be found close together.
This leads to less repulsion between the electrons, lowering the overall
energy.

e On the next page I've included the energy level diagram for helium,
taken from Sakurai and Napolitano:



Para IP 1
(15)(2p) ~

Para ‘So
(1s)(2s)

i
\

Ortho 38,

( 13)2 lSO

Spin singlet, necessarily “para”

FIGURE 7.6 Schematic energy-level diagram for low-lying configurations of the he-
lium atom.

The terms “para” and “ortho” helium refer to whether the electrons
are in a spin singlet or triplet state respectively. Notice that the overall
shift depends on the choice of ¢ for the second electron, but not on m
— can you see why looking at the integrals?

A more accurate ground state energy

e Try to make a more accurate estimate of the ground state energy
using either perturbation theory or the variational method (or both
if you have time). Compare your answer with the measured value
—78.975 eV. (For the variational method, one example of a trial wave-
function is to replace the charge Z in the hydrogen ground state 19
with an effective charge Z.g — the argument is that the electron feels
a smaller force from the nucleus because of screening from the other
electron. The energy can then be minimized with respect to the pa-
rameter Zeg. But you can try any trial wavefunction you like.)

To help you avoid doing a lot of integrals, here are some useful formulae.
For a wavefunction v (r) o e~ Blrit+ra)/ao

PN_PB IN_B 1N\ _ 58
<8r?>_a8’ <Ti>_a0’ <7‘12>_8a0'



You can prove the first two very quickly using the integral

o0 CLO TL+1

/ drrme=28r/a0 — ) [ 2 (positive integer n).
0 28

The last one is straightforward but a bit more involved — I included the

proof on the next page so you can see it.

e Let’s use perturbation theory first. As before, the energy shift is

AFE = /dg’l"l/dg’l"g I/J*(’l”l,’l"z)

62

_— .7
Treglrs = rl,w( 1,72),

where the wavefunction is 1 (r1,72) o e~ ("1+72)/2z (using the expres-
sion for 11099 from the beginning of these notes). We can use the
integral given above to evaluate this:

e2 51 5 _ahc 5_1 5
dteg8ay 8 ag 4 2a Me€ 2X ¢ ¢

This gives the ground state energy as

Eo = (—108.8+ 34) eV = —74.8 eV.

e For the variational principle, we evaluate the expectation value of the
full Hamiltonian with a trial wavefunction. If we use the ground state
wavefunction above but with Z — Z.g as the trial wavefunction, the
energy will be

2 2 2 2
g o= ol (PN _Ze 1N @ 1
2me 87“12 471'60 T 47T€0 12

_ h? e _2262 Zog €2 5.
meag eff 47T60 a 471'60 8a0
2
e 5
= 7% — 2747 + = Zei | .
47['6()a0 I: eff eff + 8 eﬂ]

Minimizing with respect to Zeg, ie. setting dE/dZ.g = 0 gives

5
T =2—— = 1.
i 5 = 16875

and
5
E =2%x13.6 eV X Zeg [Zeff — 4+ §] = —22623 x13.6 eV = —77.5¢eV.

This is closer to the correct answer than perturbation theory.



Calculation of electron interaction term

We want
/d3r1/d3r2 6—2[‘3(7‘1—{-7‘2)/&0 1
7o — 71

Choose coordinates such that the z-axis lies along 7r;. Then r{ - ro =
r179 cos § and we can write the integral as

1
/ d3ry / omradry e 28(ritra)/ao / sin 0d6
\/r% + r% — 2rqrg cos

The angular part is

1 7“1+T2—|?”2—7°1
\/7"1 + r2 — 2riraop r172

giving

oo T1 2 o0 2
I = / 47T7"%d7“1 [/ 271'7“ng2 6*2/3(7"1+r2)/a0_ _|_/ 27T7’gd7’2 626(r1+r2)/a0_:|
0 0 71

r1 T2
00 1 00
= 167> / r1drie= 2071/ [/ r3dry e~ 2072/ +/ rire dry 6_2BT2/(10:|
0 1

w2 rydre=4Pri/ao (625”/“0 -1- &)

ag
B 24} }

1652 ao 6433

_ 2 @y |,_1_
- 1655[ 1 }
ao

16658

3
o
)
3
O
453 [4

= 1672

The normalization factor is

6
/dgrl/d3r2 e—2B(ri+ra) /a0 _ 1671-2/ dTlrgdrze 28(ri+r2)/a0 — 161 &‘

1636
LN_58
12 78@0,

which is the result given on the previous page.

Therefore



Second quantization

These notes are an introduction to the formalism of second quantization,
which is a useful way to deal with systems of multiple, interacting particles.

Part 1 — The harmonic oscillator as a multiply-occupied single
state

The significance of [a,a] = 1 in the harmonic oscillator. We are
going to start with a reminder of how we treated the harmonic oscillator in
terms of ladder operators. The Hamiltonian for the harmonic oscillator can
be written

1 1
H = hw <aTa+ §> = hw(N + 5)

where a and a' are particular linear combinations of z and p, and N = afa
is the number operator. The stationary states are also eigenstates of the
number operator, and we can label them by the eigenvalue of N:

N |n) =n|n).

e Show that af |n) is an eigenstate of the number operator with eigen-
value n + 1, provided that the ladder operators obey [a,a!] = 1. (Sim-
ilarly you can show that a|n) is an eigenstate of N with eigenvalue
n—1).

e To show this, act on a'|n) with the number operator and see what
you get:

Na'|n) = afaa’ |n) = a'ala|n) — allal, a] |n)
= na' |n) + a'[a,a’] |n) .
We see that if the commutator [a,a’] = 1, then Na' |n) = (n+1)a’ |n)

This gives us the spectrum of states of the harmonic oscillator. The ground
state |0) is the state that obeys a|0) = 0 and then the excited states are
constructed by repeatedly operating with a'.

A single state occupied by multiple bosons. Now imagine that we are
dealing with a system of bosons that we are putting into the same single



particle state. We can use the machinery of ladder operators to describe
this situation. If there are n bosons in the system, we write the state as
|n) which is an eigenstate of the number operator N = afa. We view a
and a' as annihilation and creation operators that subtract or add particles
to the system. The state |0) is the “vacuum” state that has no particles.
[Note that we are using N, a and a! here without assuming a particular
Hamiltonian, we will discuss later how to write down the Hamiltonian for
the multiparticle system.|

o If the single particle state we are dealing with here is |¢), write down
the state |n) in terms of products of |¢) (you just have to make sure
it has the appropriate exchange symmetry for bosons, and that it is
normalized).

e This is straightforward, the idea here is just to emphasize the difference
between the new notation |n) which describes the multiparticle state
with a single ket, and the state as written as a symmetrized product
of single particle states: |n) =[] |$).

Fermions and the anti-commutator. Now think about putting a fermion
into the single particle state. We are only allowed zero or one particles
because of the requirement that the state be antisymmetric.

e Show that we can still define a number operator N = afa and creation
and annihilation operators a and a if we take a and a' to obey the
anti-commutation relation

{a,a'} = aa’ +ala =1.

[Hint: follow the first question above and look at the eigenvalue of the
state a' |n) when acted on by the number operator. The difference is
that now {a,a’} = 1 instead of [a,a'] = 1.] What are the allowed
states?

e Repeat the argument from before. Act on af|n) with the number
operator, but this time when we commute the operators, we write it
in terms of the anticommutator:

Na'|n) = a'aa’ [n) = —aTala|n) +a'{a’,a} |n).



Now if the anticommutator is equal to 1, we have
Na'|n) = (1 —n)al|n).

We then see that a'|0) o [1), so we can put one fermion into the
system. But we are not able to add another: af|1) = 0.

Part 2 — Multi-particle system

In part 1, we were putting particles into a single state (i.e. constructing
the multi-particle state from products of a single one-particle state). Now
consider the more general case where we have a spectrum of single particle
states |k;) available (with ¢ = 1...N, where N is the dimension of the Hilbert
space). We build the state by distributing the particles among the different
states |k;). In what we have been doing so far, we would write the state
of the system as appropriately symmetrized products of the single particle
states.

The idea in second quantization is to write the state of the system instead
in terms of how many particles are in each of the single particle states, ie.

|n1,m2, ...y N ) (1)

e As an example of these two ways of writing down the state of the sys-
tem, consider a two level system with single particle states |+) and |—).
What are the possible states for (1) two bosons, or (2) two fermions
in this system? Write your answers in two ways: as symmetrized
products of two states, and in our new notation of equation (1).

e How would you write down a single particle state |k;) in this new
notation?

e For fermions, we are only allowed one particle in each state, so the
only possible state is the singlet states

11) = 1V2(|+) [=) = =) [+)).
For bosons, there are three possible configurations (triplet states)

20) = =) [=)s  111) = W2(|H) [=) + =) [+)5 102) = [+)[+).



e The single particle state |k;) has n; = 1 and all other values of n zero,
ie.

ki) = [0,0,0,...0,1,0,...0).

We move between these states by using particle creation and annihilation
operators a;-r and a; which add or subtract one particle from the i-th state
‘k‘i>, ie.

473 |7”L1,TL2, Mgy nN> X |’I’L1, no,...N; — 1, ’I’LN>

a;r |Tl1, ng,...Nn;, nN) X \nl,ng, Ly 1, nN> .

If we are dealing with bosons, we set
lai,al] = 1,

in which case n; can take any (positive) integer value, or for fermions we set
{a;, a;f} =1

in which case we are only allowed n; =0 or 1.

e Start with the vacuum state |0,0,0,..0) and use the particle creation
operators to add a particle to each of states ¢ and j. Does it matter
which order you do this in? Show that for bosons or fermions, the
particle creation operators for different states must commute or anti-

commute respectively (i.e. either [aj, a;r.] =0or {a}, a}} =0).

e If we add particle 1 to state 7 and particle 2 to state j with a;f»a;r |0)
this should be the same as adding particle 1 to state 5 and particle 2
to state ¢ with a;ra;f» |0), except for a minus sign in the case of fermions
because the wavefunction is antisymmetric to particle exchange. So
therefore a;a;r = a}a} for bosons and a}a;r = —a;fa; for fermions.

Here is a table from Sakurai and Napolitano that summarizes all of the

(anti)commutation relations:



TABLE 7.1 The Algebra for Identical Particles in Second

Quantization
Bosons Fermions
T_ Tt 1 T 1 t ot gt Ty
a j—a;a [a a;]= a;a;+a;a —{al.,aj}_O
aiaj—ajai=[a,-aa}]= agaj+aja,-={a;,aj]=0
aia} -—a}ai = [ai,a}] = §y; aga} +a}a,- = {al-,a;[} = §;j

Make sure these all make sense to you.



Operators. Now we need to think about how to write down operators that
act on the states |nj,na,...n;,...nx). The simplest case is the single particle
operator K whose eigenstates |k;) are those that we are using to construct
the multi-particle states. If the eigenvalues are k;, that is

K |ki) = ki ki),
we can write a corresponding operator K for the multi-particle states

K ]nl, no, ...N;, nN> = ZkzNz |n1,n2, Ny, nN>
7

_ T
= E kia;a; [ni,ng, ..ng,..nN) ,
i

ie.

K= Z kia;rai.

e Now consider a different single particle operator M with eigenstates
|m;). We could define creation and annihilation operators b;[ and b;

that add or subtract particles to the state |m;). Argue that these
T

7

bl =" al (kjlma) bi = > (milky) aj.
j

J

operators are related to a; and a; by

[Hint: You can use the fact that single particle states can be generated
by acting on the vacuum with the creation operator, and use the usual
formula for expanding a state in a different basis. |

e Show that the multi-particle version of M can therefore be written

M =" ala; (ki M]kj).
]

e We can expand |m;) as

[ma) =) (kjlmi) k).

J

If we then write |m;) = b} |0) and |k;) = a} |0), the first result follows.
Taking the complex conjugate gives the second.



e If we work with the creation and annihilation operators for states |m;),
we have

- ZWZG} <kj\mi>z<mi|/€z> ay
i J ¢
> alae (k| (Z mi [m) <mi|> |e)
at i

= > alag (k| M|ky) .
Y.

So we can write the operator M in any basis by computing its ma-
trix elements in that basis and using the creation and annihilation
operators corresponding to that basis.

e As a specific example, write down the kinetic energy operator for a
multiparticle state. Do this for both position representation and mo-
mentum representation. (This example is using a basis with a contin-
uous eigenvalue spectrum, so the sums above will become integrals)

Interactions between particles. If we have pair-wise interactions be-
tween particles, we can represent that as a matrix V;; = Vj;, where i and j
refer to an interaction between particles in states |k;) and |k;).

The multiparticle version of this operator is

1
Y = 5 Z Vija;ra;ajai.
2

e [t is important to note that the specific ordering of the operators is im-
portant here. The operator V does not correspond to (1/2) 3, Vi; N;N;
which you might have guessed would be the correct form. Why not?

e If i and j are different, then we can reorder the operators to read
aj-aia;aj and we do in fact have a sum over N;N;. The factor of 1/2
is there because we overcount the interactions when we sum over all

pairs of particles twice. The subtlety comes in the terms where i = j,



i.e. where we are dealing with an interaction between particles in the
same state. For bosons,

T .1 Tt 1

a,ala;a; = a;a;a)a; — a)|a;, aT]ai = N;(V; — 1).

i
This is the number of ways of choosing two particles from n; without
replacement. For fermions,

ajagaiai = fagaiajai + a;r{ai, a;r}ai = N;(1 - N,).
Since n; = 0 or 1 for fermions, we see that the terms with ¢ = j vanish
in this case,. There is no chance for two particles in the same state to
interact, since only one particle can go into each state for fermions.

As before, we might not be working in the basis in which V' is diagonal.
Consider the case where

1

AT IS

V=5 Vighlblbibi
ij

where the b operators create or annihilate particles in the |m;) states
as above. Show that in terms of the a operators, this is

1 ..
V= 3 Z (ij|V|én) aga}anag,
ijln

where

(@VIen) =Y Vag (kilma) (malke) (kjlmg) (ms|kn) -
af

This is straightforward to show if you use the relations we had earlier
to write the b operators in terms of the a operators. You just have to
keep track of the coefficients and separate out the ones that represent
the incoming and outgoing states and those that enumerate the matrix
elements of V.

As a specific example, consider a potential V (r;, ;) between particles
at positions 7; and 7; (this could be a Coulomb interaction for ex-
ample, o< 1/|r; — r;|). Write down the operator V using momentum
representation (ie. where aT(p) acts on the vacuum to create momen-
tum eigenstate |p)).
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