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FiG. 2—0Observational support for the white dwarf mass-radius rela-
tion after Hipparcos, showing revised positions for the visual binaries and
including results from the common proper-motion systems.

Figure 2 presents the revised visual binary positions, as
well as the results for the CPM pairs. These objects test the
mass-radius relation using the absolute minimum of physi-
cal assumptions. The physics underlying this figure is
Kepler’s third law, the gravitational redshift, and some
general assumptions regarding the ability of model atmo-
spheres to predict a value of the emergent flux H,. There are
a considerably greater number of data points than present-
ed in Figure 1, although many of the additions are some-
what uncertain. The important binaries, Sirius B, Procyon
B, and 40 Eri B, are plotted with improved accuracy. Figure
3 repeats Figure 2, but also includes the field white dwarfs
from Table 6. In addition to the physics underlying Figure
2, broadening theory must be included in the underlying
assumptions for Figure 3.

Our first conclusion is that the mass-radius relation is
now more firmly supported on observational grounds. For
readers who like high-precision data points, Sirius B and 40
Eri B fit the theoretical relation quite precisely. For readers
who enjoy an abundance of data points, Figure 3 more than
quadruples the number of observed points, the majority of
which lie between 1 and 2 ¢ from the Wood models. We
discuss the discrepant points below.
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F1G. 3—Observational support for the white dwarf mass-radius rela-
tion, showing the positions of the visual binaries, common proper-motion
systems, and field white dwarfs. The ficld white dwarf masses were derived
using published surface gravity measurements and radii based on Hip-
parcos parallaxes.

Vol. 494
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4.1. Tentative Suggestions of Iron-rich Cores

Procyon B, EG 50, and GD 140 (labeled in Fig. 3) all lic
significantly below the mass-radius relation for the expected
carbon interior composition of white dwarfs. While the plot
on the mass-radius relation may disguise the robust charac-
ter of our result, a close look at Table 7 and Figures 3 and 4
shows the source of our suggestion that at least two of these
three stars have iron-rich cores.

The masses predicted by the zero-temperature carbon-
core mass-radius relation for GD 140 and EG 50, using the
radii from Table 6, are considerable larger than the masses
we observe, with 4 and 7 ¢ deviations (Fig. 3). GD 140 is a
well-studied white dwarfl (BSL) with ample spectroscopic
evidence suggesting that it is massive. EG 50 is a more
mysterious case. While at a similar temperature to GD 140,
a comparison of the optical spectra presented in BSL shows
that GD 140’s Balmer lines are wider and shallower than
EG 50, arguing that GD 140 is more massive. Qur radii
from Table 6, combined with published values of log g,
result in masses of 0.50 +002 M, for EG 50, and
0.79 + 0.02 M, for GD 140, further supporting this com-
parison. BSL finds higher spectroscopic masses, assuming a
carbon core and log He = —4 mass-radius relation, of 0.66
and 090 + 0.03 M, for EG 50 and GD 140, respectively.
Our radii, combined with this same mass-radius relation,
imply even higher masses of ~0.8 M, (EG 50) and ~0.95
M, (GD 140) (Fig. 4).

In essence, both EG 50 and GD 140 have radii that are
significantly smaller than predicted by their observed
masses, assuming the carbon-core mass-radius relation. The
only way we can see of explaining the observations is by
assume an iron, or an iron-rich, core composition, It is then
possible to fit the observed radii, masses, and surface gravi-
ties consistently. It is conceivable that GD 140 harbors a
core heavier than carbon. If, however, EG 50 is really a
garden variety white dwarf with an average mass, we find it
difficult to explain an iron core with current theories of
white dwarf formation.

We discuss the problematic situation of Procyon B
separately (Provencal et al. 1997). Even though our dis-
cussion does not incorporate the Hipparcos parallax, we
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F1G. 2.—Mass-radius curves for several EOSs listed in Table 1. The lefl-hand panel is for stars containing nucleons and, in some cases, hyperons. The
right-hand panel is for stars containing more exotic components, such as mixed phases with kaon condensates or strange quark matier, or pure strange quark
matter stars. In both panels, the lower limit causality places on R is shown as a dashed line, a constraint derived from glitches in the Vela pulsar is shown as
the solid line labeled AI/I = 0.014, and contours of constant R = R/(1 — 2GM/R¢*)"'* are shown as dotted curves. In the right-hand panel, the theoretical
trajectory of maximum masses and radii for pure strange quark matter stars is marked by the dot-dashed curve labeled R = 1.85R .

theoretical perspective, it appears that values of R, in the
range of 12-20 km are possible for normal neutron stars
whose masses are greater than 1 M .

Corresponding to the two general types of EOSs, there
are two general classes of neutron stars. Normal neutron
stars are configurations with zero density at the stellar
surface and have minimum masses, of about 0.1 M, that
are primarily determined by the EOS below n,. At the
minimum mass, the radii are generally in excess of 100 km.
The second class of stars are the so-called self~-bound stars,
which have finite density, but zero pressure, at their sur-
faces. They are represented in Figure 2 by strange quark
matter stars (SQM1-3).

Self-bound stars have no minimum mass, unlike the case
of normal neutron stars for which pure neutron matter is
unbound. Unlike normal neutron stars, the maximum mass
self-bound stars have nearly the largest radii possible for a
given EOS. If the strange quark mass m, = 0 and inter-
actions are neglected (o, = 0), the maximum mass is related
to the bag constant B in the MIT-type bag model
by M,,,. = 2.033(56 McV fm~*/B)'> M. Prakash et al.
(1990) and Lattimer et al. (1990) showed that the addition of
a finite strange quark mass and/or interactions produces
larger maximum masses. The constraint that M, > 1.44
M ¢, is thus automatically satisfied for all cases by the condi-

tion that the energy ceiling is 939 MeV. In addition, models
satisfying the energy ceiling constraint, with any values of
m, and o, have larger radii for every mass than the case
SQMI. For the MIT model, the locus of maximum masses
of self-bound stars is given simply by R =~ 1.85R (Lattimer
et al. 1990), where Ry =2GM/Rc* is the Schwarzschild
radius, which is shown in the right-hand panel of Figure 2.
Strange quark stars with electrostatically supported
normal-matter crusts (Glendenning & Weber 1992) have
larger radii than those with bare surfaces. Coupled with the
additional constraint M > 1 M, from proto-neutron star
models, MIT-model strange quark stars cannot have
R < 85kmor R, < 10.5 km. These values are comparable
to the possible lower limits for a Bose (pion or kaon) con-
densate EOS.

Although the M-R trajectories for normal stars can be
strikingly different, in the mass range from 1 to 1.5 M, or
more, it is usually the case that the radius has relatively little
dependence upon the stellar mass. The major exceptions
illustrated are the model GS81, in which a mixed phase con-
taining a kaon condensate appears at a relatively low
density, and the model PAL6, which has an extremely small
nuclear incompressibility (120 MeV). Both of these have

considerable softening and a large increase in central
density for M > 1 M. Pronounced softening, while not as
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(Guillot 2005). and we find that in our cooling calculations that
the model! planets reach a Ty of ~102-110 K at 4.5 Gyr, which
is only weakly dependent on stellar irradiation.

A decp external radiative zone is found in the most highly ir-
radiated models. For the plancts at £0.05 AU convection does
not begin until P > 1 kbar. From 0.1 (0 2 AU the deep internal
adiabat for all models begins at 300+ bar, but there is a second.
detached convective zone at pressures close 1o 1 bar. This detached
convective zone grows at stellar distance increases. and by 3 AU
the convective zones have merged. Only when these convective
zones merge is the interior adiabat cooler as a function of orbital
distance. The models from 0.1 1o 2 AU have essentially the same
internal adiabat. meaning the plancts would have the same radius
at a given mass. As we will sce. a striking consequence of this ef-
fect is that stellar irradiation at 2 AU has approximately the same
effect on retarding cooling and contraction as at 0.1 AU. even
though the incident fluxes vary by a factor of 400!

5. RESULTS: ICE-ROCK-IRON PLANETS
5.1. Planetary Radii

It seems likely that planets with masses within an order of
magnitude of the Earth’s mass will be composed primanily of more
refractory species. like the planctary ices. rocks, and iron. Within
our solar system, objects of similar radius can differ by over a fac-
tor of 3 in mass, duc to compositional diffcrences. A planet with
the radius of Mercury, which is potentially detectable with Kepler,
could indicate a mass of 0.055 Mg,. like Mercury itself, or a mass
of 1/3 this value, like Callisto, which has a radius that differs by
only 30 km. With our cquations of state, we are able to explore the
radii of objects with any possible combination of ice, rock, and iron.
In order to keep this task manageable, we have limited our calcu-
lations to several illustrative compositions. These include pure ice
and ice/rock mixtures, which could be described as “water worlds™
or “Ocean plancts.” Such objects in our solar system. like the icy
satellites of the outer plancets, generally have small masses. How-
ever. Kuchner (2003) and Leger ct al. (2004) have pointed out
water-rich objects could reach many Earth masses (perhaps as
failed giant planet cores) and migrate inward to smaller orbital dis-
tances. We also consider plancts composed of pure rock, rock and
iron mixtures, and pure iron, more similar to our own terrestrial
planets. The ice/rock and rock/iron mixtures are computed for
75/25.50/50. and 25/75 percentages by mass, with icc always over-
laying rock, and rock always overlaying iron.

Our results are shown in Figure 4. Since we make few assump-
tions regarding what is a reasonable planet. we have computed
radii from masses of 0.01 to 1000 Mg. For all compositions, the
radii initially grow as M"3, but at larger masses, compression
cffects become important. As a greater fraction of the clectrons
become pressure ionized. the materials begin to behave more
like a Fermi gas. and there is a flattening of the mass-radius curves
near 1000 AMg. Eventually the radii shrink as mass increases.
with radii falling with M/~ (scc Zapolsky & Salpeter 1969).

At the top lefi of Figure 4 we also show the size of various levels
of uncertainty in planetary mass, as a percentages of a given mass,
from 10% to 200%. For instance. if one could determine the mass
of a 1 Mg planet to within 50%, ¢ven a radius determination ac-
curate to within 0.25 Rg would lead to considerable ambiguity
concerning composition, ranging from 50/50 ice/rock to pure iron.
The shallow slope of the mass-radius curves below a few Mg makes
accurate mass determinations cspecially important for understand-
ing composition. In Table 1 we give the mass and radius for a
subset of thesce planets. We note that from 1 10 10 Mg we find
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Fig. 4.—Mass (in M) vs. radius (in km and R for planets composed for ice,
rock, and iron. The topmast thick black curve is for pure “wam™ water ice. (See
text.) The middle thick curve is for pure rock (Mg:SiOy4). The bottommost thick
curve is for pure iron (Fe). The three black thin curves between pure ice and pure
rock. are from top to bottom, 75% ice/25%, rock, 50/50. and 25/75. The inner layer
is rock and the outer layer is ice. The gray dotted lines between rock and pure warm
ice are the same pure ice and ice/rock curves, but for zero-temperature ice. The three
black thin curves between pure rock and iron, are from top to bottom, 75% rock/
25% iran, 50/50, and 25/75. The inner layer is iron and the outer layer is rock. Solar
system objects are open circles. At the upper left we show the honizontal extent of
mass error bars, for any given mass, from 10% to 200%.

excellent agreement between our models and the more detailed
»Super-Earth™ models of Valencia ¢t al. (2006).

5.2. Validation in the Solar System

On Figure 4 we have also plotted, in open circles. the masses
and radii of solar system planets and moons. These planets can
be used to validate our methods. For instance. detailed models of
the Earth’s interior indicate that the Earth is approximately 33%
iron by mass with a core-mantle boundary at 3480 km ( Dziewonski
& Anderson 1981). This composition is readily recovered from
Figure 4. where Earth plots between the 25% and 50% iron curves.
but closer to 25%. Our simple Earth model, with a iron/rock bound-
ary at 3480 km yields a planctary radius within 100 km (1.5%
smaller) of the actual Earth. Given that our model lacks thermal
corrections to EOSs that arc found in detailed Earth models. and
that we 1gnore lower density species such as sulfur that are hikely
mixed with iron into the Earth's core, we regard this agreement
as excellent, and entirely sullicient with regard to the expected
radil unccrtaintics as measured by transit surveys.

Elsewhere in the solar system, onc can sce that we recover ice/
rock or rock/iron ratios of other bodies, which are derived by more
complex modcls. A brict overview of the structure of the terres-
trial planets and icy moons is given in de Pater & Lissauer (2001).
Earth’s Moon is composed almost entirely of rock. with a very
small iron core of radius £400 km. Here, the Moon (the leftmost
circle) plots on top of the line for pure rock. Mercury is calculated
to be ~60% iron by mass, and with our models Mercury falls be-
tween the 50/50 (rock/iron) and 25/75 curves, but again. closer to
50/50. which shows excellent agrecement. Titan is calculated to be
composed of ~35% ices, and again we find excellent agreement.
as Titan falls between the S0/50 (ice/rock) and 25/75 curves. slightly
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Fi6. 2. Tracks in the density—temperature plane followed by matter at the centres of
single stars of masses 1, 2, 7 and 15 Me. Density is in g cm™ and temperature is in
degrees Kelvin. Also shown are the loci of points where hydrogen. helium and
carbon are ignited and the locus of points wherc the electron Fermi energy equals
10 X kT. Note that stars of mass larger than those under primary consideration in
this paper ignite carbon at the centre before electrons there become degenerate,
whereas intermediate mass stars (1-9 Mg) develop an electron-degenerate core
before the carbon ignition temperature is reached. In such stars, the core first cools
rapidly and then heats as more mass is added to the core in consequence of
hydrogen and helium burning in shells above the core. In stars less massive than
about 2:3 Mg, matter in the hydrogen-exhausted core becomes clectron-degenerate
before helium is ignited. Such stars experience a helium core flash which lifts the
degeneracy and helium thereafter burns quiescently at higher temperatures and
lower densities than at ignition. After developing a carbon-oxygen core and while
burning hydrogen and helium alternately in shells, all intermediate mass stars lose
matter from their surfaces via a strong wind which may ultimately grow into a
planetary nebula ejection event which abstracts most of the hydrogen-rich matter
above the CO core. The remnant contracts to become the central star of a planetary
nebula and then contracts further to become a white dwarf. Adapted from Iben, 1
(Jr), 1974. Ann. Rev. Astr. Astrophys., 12, 215.

examples of the evolution of central density and temperature are shown in
Fig. 2 for intermediate mass stars of mass below and above the critical limit
for experiencing a helium core flash. Also shown is the track followed by
matter at the centre of a model star that cventually develops a corc com-
posed of iron-peak elements before undergoing core collapse due to photo-
disintegration of these elements, exploding as a type II supernova, and
leaving a neutron star or black hole remnant.

S}

2.2 The core helium-burning phase, the Cepheid phenomenon, and
comparisons with the observations

The rate at which helium burns and, thercfore, the lifetime of the core.

helium-burning phase are determined by the mass of the helium core at the
moment of helium ignition. Since corc mass is nearly the same for all stars
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F16. 1.—Various quantities plotted against radial distance r (in parsecs) for a case with £ = n = 1. All curves are labeled with the
value (in units of 10° years) of the age  of the supernova remnant. n is the number-density of hydrogen atoms and T the temperature
(filled circles on fig. 15 denote mean temperature T), In fig. 1c the radial velocity V is plotted, except for the dashed curve which
plots 0.1¥ for # = 1.04 (the small arrows denote the mean velocity Fg).

The expansion actually takes place into an ambient
medium of density ny,; but n,/n,; is independent of ¢,
and shock velocities and shock temperatures are the
same in the two compared cases. If radiation were
absent, equation (4A) gives the exact scaling for any
mass-shell in the general blast-wave solution, with
kinetic energy per unit mass, E;/n,r,%, and temperature
independent of .

Now consider the inclusion of radiation, but only
in our approximation which omits grain radiation and
collisional quenching of forbidden lines. All emissivi-
ties are then proportional to the square of the density
n,, so that emission rates per particle per second are
proportional to n, = §~'n. However, the time de-
velopment of internal energy depends on the emission
per particle over a time period #, which is proportional
to m,f, and thus independent of £. The scaling in
equation (4) is then still correct at all times 7, even
with radiative cooling included; in particular the

radius R, of the shock front, the swept-up total mass
M,, and the power P, radiated per second (in any
frequency range, from the whole blast wave) are
given by

Ri(t) _ , Mi(t) _ o Pilt)
O O O

Radiation flux or photon number-density is propor-
tional to P,/R;? oc £~1, as is the particle density n,, so
that ionization equilibrium is independent of £. Re-
absorption effects depend on optical depths which are
proportional to n,R, which is also independent of £.
The inclusion of radiative transfer (any number of
absorptions and reemissions) therefore does not dis-
turb the scaling argument at all (always with the
neglect of grain radiation, collisional quenching, or
three-body recombinations).

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System
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When the shell is first ejected into the medium sur-
rounding the supernova, the precipitous density drop
at the surface of the supernova leads to the formation
of a rarefaction wave that propagates back into the
shell, lowering the pressure and accelerating the shell.
The pressure is further reduced by the large adiabatic-
expansion losses associated with the spherically
diverging flow: the pressure p cc R™* when radiation
pressure dominates and p.oc R~® when gas pressure
dominates. Even when the effect of heating by a
central pulsar is included (Rees 1970), the pressure in
the expanding shell inevitably will drop below the
pressure behind the blast wave advancing into the
circumstellar medium. When this happens a compres-
sion wave will begin to propagate back into the shell.
The low sound speed in the shell isolates it from the
higher pressure outside and preventsit from responding
quasi-statistically; hence, the compression wave will
rapidly steepen into a shock—the reverse shock wave
(see fig. 1). As discussed by Stanyukovich (1960), a
similar phenomenon occurs when a spherical explosive
is detonated in air, although in that case the formation
of the inward-directed shock is delayed, since the
explosion products expand to only about 10 times the
initial radius.

The numerical models referred to above do not
show the reverse shock wave: Rosenberg and Scheuer
(1973) did not follow the internal dynamics of the
supernova shell; and Gull (1973), presumably for
computational reasons, assumed an initial temperature
in excess of 10 ° K at R, ~ 0.1 pc, which is orders of
magnitude larger than the actual value. Gull’s work is
the first quantitative study of the effect of the Rayleigh-
Taylor instability on the expanding supernova shell.

A

BLAST WAVE
CONTACT DISCONTINRUITY
REVERSE SHOCK WAVE

Fig. 1.—The ejected supernova material extends out to R,,
where there is a contact discontinuity. A blast wave at R,
propagates ahead of the ejected shell and shocks the circum-
stellar medium from an initial density p, (hydrogen number
density ng) to a density p, and a temperature T,. The reverse
shock wave propagates into the ejected supernova material of
density p, and shocks it to a temperature T,,. Until the reverse
shock wave has shocked a significant fraction of the supernova
shell, it will actually move outward with respect to fixed
coordinates.

X-RAY EMISSION 337

From his results it appears that this instability will not
have a significant effect on the dynamics of the reverse
shock wave, although it could alter the luminosity. As
a first approximation, however, we shall ignore the
effects of this instability here.

Our analysis is based on the assumption that the gas
shocked by the reverse shock wave will attempt to
maintain approximate pressure equilibrium with the
gas behind the blast wave. Hence the temperature and
the density at a point fixed in the shocked gas will
remain roughly constant; this will preserve the large
density jump at the contact discontinuity between the
stellar and circumstellar material, as found by Gull
It is possible that succeeding, weaker shocks will
propagate inward in order to maintain pressure equi-
librium. Assuming that the unshocked region of the
expanding supernova shell has a uniform density p,,
we write the equation of pressure equilibrium as (cf.
eq. [1])

Pilrs® = Bpots? , 4

where v, is the velocity of the reverse shock wave
relative to the unshocked supernova shell and p, =
psl4 is the density of the circumstellar medium. Since
the post-shock temperature varies as »® (here we
neglect differences in the mean mass p) the density
ratio can be expressed as p,/p, = BT,/T,.. Hence the
expansion of the shell and the resulting decrease in p,
causes the reverse shock wave to accelerate and the
post-shock temperature 7, to increase.

In order to make the problem tractable, we restrict
ourselves to the case in which only a small fraction F
of the ejected mass M, has been shocked. This means
that the radius of the reverse shock wave is about equal
to the radius of the supernova shell R,. Furthermore,
the velocity at the contact discontinuity v, and the
velocity of the blast wave v, remain approximately
constant, Since the compressed circumstellar gas is
confined to } its initial volume, one has R,® = }(4R,?)
so that

M, 4p, 4T, ©
The shocked mass fraction F is determined by the
mass flux into the reverse shock wave,

M,j—f = 4nR2p,0y, . (6

This equation can be readily integrated by noting that
dr, = v,di ~ vydt and that p, cc R,~3; the result is

From Guil’s (1973) work, we find that 8~ % is a
reasonable estimate when M, « M,. Equation (7) then
indicates that the reverse shock wave will reach the
center (F = 1) when M, ~ M,; also, T, cc F? until it
becomes comparable to the blast-wave temperature
Z..

© American Astronomical Society * Provided by the NASA Astrophysics Data System
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CHAPTER 5.

ta

PROPERTIES OF SOLAR AND STELLAR OSCILLATIONS.

These two equations can be combined into a single second-order differential equation for
£~ neglecting again derivatives of equilibrium quantities. the result is
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Figure 5.2: Buoyancy frequency N [¢f. equation (4.63): continuous line] and
characteristic acoustic frequency S; [cf. equation (4.60): dashed lines, labelled
by the values of [], shown in terms of the corresponding cyclic frequencies,
against fractional radius r/R for a model of the present Sun. The heavy
horizontal lines indicate the trapping regions for a g mode with frequency
v = 100 pHz, and for a p mode with degree 20 and v = 2000 uHz.

(5.17)

\-vfojj N QQ\;;J f}ga'\u_,,

T’WC-W(], ..V)-gmq{.ﬁ\/[’) \/7€Jal:

This equation represents the crudest possible approximation to the equations of non-
radial oscillations. In fact the assumptions going into the derivations are questionable. In
particular. the pressure scale height becomes small near the stellar surface (notice that
Hy, = p/(pg) is proportional to temperature), and so derivatives of pressure and density
cannot be neglected. I return to this question in Chapter 7. Similarly, the term in 2/r
neglected in equation (5.12) is large very near the centre. Nevertheless, the equation is
adequate to describe the overall properties of the modes of oscillation, and in fact gives a
reasonably accurate determination of their frequencies.

From equation (5.17) it is evident that the characteristic frequencies S; and N, defined
in equations (4.60) and (4.63), play a very important role in determining the behaviour
of the oscillations. They are illustrated in Figure 5.2 for a “standard” solar model. S;
tends to infinity as r tends to zero and decreases monotonically towards the surface, due
to the decrease in c and the increase in r. As discussed in Section 3.3, N? is negative in
convection zones (although generally of small absolute value), and positive in convectively
stable regions. All normal solar models have a convection zone in the outer about 30 per
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Figure 5.6: Cyclic frequencies v = w/2m, as functions of degree [, computed
for a normal solar model. Selected values of the radial order n have been
indicated.

The precise classification of the modes, i.e., the assignment of radial orders to them,
presents some interesting and so far unsolved problems. It appears that at each [ it is
possible to assign to each mode an integral order n, which ranges from minus to plus
infinity, such that, at least for reasonably simple stellar models® |n| gives the number of

#The definition of a ‘simple’ model in this context is not straightforward: examples might be zero-age
main sequence models or, e.g.. polytropes of index between 1.5 and 3.



5.3. SOME NUMERICAL RESULTS BT
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Figure 5.8: Scaled radial displacement eigenfunctions for selected p modes
in a normal solar model, with a) | = 0, n = 23, v = 3310uHz; b) | = 20,
n=17, v = 3375 uHz: c) | = 60, n = 10, v = 3234 uHz. The arrows mark the
asymptotic location of the turning points 7; [cf. equation (5.28)].

Exercise 5.2:

Verify this statement.

It is interesting that this f mode with [ = 1 behaves very differently in the Cowling
approximation and for the full set of equations. In the Cowling approximation there is a
mode with [ = 1 having no nodes in the radial displacement, intermediate in frequency
between the p and the g modes, which must be identified with the f mode. From a physical
point of view it can be thought of roughly as an oscillation of the whole star in the grav-
itational potential defined by the equilibrium model. The connection between this mode
and the zero-frequency mode for the full problem can be investigated by making a contin-
uous transition from the Cowling approximation to the full set of equations; this can be
accomplished formally by introducing a factor A on the right-hand side of equation (4.21),

Gc



5.3. SOME NUMERICAL RESULTS
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Figure 5.10: Eigenfunctions for selected g modes in a normal solar model.
Panels a) to c) show scaled radial displacement eigenfunctions with a) [ = 1,
n=-5,v=110pHz: b) I =2, n=-10, v = 103uHz; ¢) | = 4, n = —19,
v = 100 p¢Hz. In panel d) the solid and dashed curves show unscaled radial
(&) and horizontal displacement (L&) eigenfunctions, for the [ = 2, n = —10
mode. For clarity, the curve for & has been truncated: the maximum value is
about 2.7 times higher than the largest value shown. The vertical dotted line
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marks the base of the convective envelope.

Figure 5.9 shows the eigenfunctions in the outer few per cent of the radius of a solar
model, for modes of degree | = 1 with different frequencies. It is evident that the mode
energy decreases in the atmosphere; this can be understood from the discussion in Sec-
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Figure 4.5. Advection with the piecewise linear advection algorithm with 6 different choices

of the slope. Results are shown of the advection of a step function over a grid of 100 points
with grid spacing Az = 1, after 300 time steps with At = 0.1.
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PHYS 643
1. Fluid basics

Idea of a fluid as having A < L. The mean free path A = 1/no.

Proving vector identities using index notation.
€ijk€kim = 0il0jm — 0j10im

Eulerian vs. Lagrangian descriptions. Advective derivative

Continuity equation (mass conservation)

9p _

or D
p —_ — .
pe - PV

Momentum equation
L vr+ lixB
p Dt rg s
Acceleration due to gravity g = —V®, gravitational potential ® obeys Pois-
son’s equation V2® = 47wGp.

Hydrostatic balance. Plane-parallel atmosphere dP/dz = —pg. Isothermal
atmosphere p = pg exp(—z/H), scale height H = kgT/pmg.

Energy equation

E(ipu +pU>+87j(uj [ipu +pU+PD =(pe—V-F)+u-f

The P term in the energy flux as representing PdV work.

Vorticity w = VX u and circulation I' = [wu-dl. Rigid rotation w = 2.
Shear flow w = du/dz.

Kelvin’s circulation theorem: DI'/Dt = 0 for a barotropic fluid. The idea
that vortex lines are carried bodily by the fluid. The local vorticity can
change because of vortex stretching or vortex tipping.



Generation of vorticity by baroclinicity. The baroclinic vector VP X Vp.
Bernoulli’s principle. u?/2 + ® + h =constant along a streamline.
Magnetic force density

JxB B2 B-V)B
xB_ g <_> . (BV)B
c 47

8

The force is perpendicular to the field, and has two pieces - magnetic pressure
and tension.

Ohm’s law E +uXxB/c= J/o. Ampere’s law J = (¢/4m)V X B.

Induction equation.

9B =VX (uxB)—cVX (i) .
ot o
When the first term dominates, “ideal MHD”: the magnetic field lines are
frozen into the fluid. The second term represents Ohmic diffusion, which
allows field lines to move through the fluid. The magnetic diffusivity is
n = c%/4no. The relative importance of the two terms is measured by the
magnetic Reynold’s number Ry, = UL/n.

Magnetic energy density B?/8m (same as the pressure). Magnetic energy

equation:
9 (B —— (cExB>_J_2_u <J><B>
ot \8r ) 47 o ' c

The different terms are: Poynting flux at the surface, Ohmic dissipation,
energy transfer to kinetic energy via work done against the magnetic force.

Reading
Choudhuri §4, 14.1, 14.2



PHYS 643
2. Objects in hydrostatic balance

Simple scaling arguments: P. ~ GM?/R*, kpT, ~ GMm,/R.

Equation of state of an ideal gas of fermions. (a) A non-degenerate gas of
non-relativistic particles has

3 3
P = nkgT, U= ""nkpgT = -P, p=kpTln [ 2],
2 2 ng

where ng = (2rmkgT/h?)%/2. The non-degenerate limit is when u/kpT <
—1 or n < ng.

(b) A fully-degenerate gas has = Er > kgT. Fermi wavevector
kp = (37T2n)1/3 =pr/h

Non-relativistic particles have

p% 2/3 2 5/3 3
Ep = E o p?/3, P = "nEp = Kepp” U="°P
2m 9 2
Relativistic particles have
. 1 .

Er =ppcx nl/3 P = EnEF = Kevrpd‘/d U =3P

Radiation ) )
U=al?, P=-aT*=-U

¢ 37 T3

where the radiation constant a = 7.5657 x 10~ cgs.

Mean molecular weights.
pYi = nimy, p = Hinimyp

defines Y; and p; for species i. Mass fraction of ion species ¢ defined by
Xip = Aijnymy. Relation between Y; and Xj; is Y; = X;/A;. Mean molecular
weight =1 = puo 1+ ui:nll. Ideal gas of ions and electrons has P = pkpT'/um,,.

Different regimes for a mixture of ions, electrons, and radiation. When does
each of these dominate the pressure? When are the electrons degenerate or
non-degenerate, relativistic or non-relativistic?



White dwarfs. For low masses, v ~ 5/3, and R o« M —1/3_ Chandrasekhar
mass Mcy, = 1.45 Mg (Y. /0.5)2. Mass radius relation

MO\ -1/3 MO\ A/3112
R~8x10% cm () 1—()
Mg [ Mcn,

Neutron stars. A star held up by non-relativistic proton/neutron degeneracy
pressure rather than electrons has a radius smaller by a factor ~ m,/m. ~
2000. Typical model neutron star radii are ~ 10-15 km. Interactions give
an equation of state roughly P o p? which leads to a radius which is almost
independent of mass.

Couloumb pressure in a degenerate gas. The electrons form an almost uni-
form background. Wigner-Seitz approximation:

9 Ze2

Ue=—neq3 g

The Coulomb pressure is P = —K¢p*/? with
Ko =22 x 10" erg em™32%/3(Y,/0.5)%/3.

Density of zero-pressure matter p = (K¢/ Ke,mq)3 .

Mass radius relation
K.

R = Gy koar 178

“Hot” objects. kg1 sets the pressure rather than Er. Central temperature
T. =~ GMpm,/kpR. Heat transport

4acT? ar
3kp dr

For constant opacity (e.g. electron Thompson scattering) L oc M?3.

The idea that a core can only support a finite size envelope. Application to
helium cores (Schénberg-Chandrasekhar limit) and planet formation (run-
away accretion to form Jupiter).

Reading

This part of the course is not covered in Choudhuri. The best places to
look are books on stellar structure, in particular:



Clayton, “Principles of Stellar Evolution and Nucleosynthesis”, Chapter 2.

Hansen & Kawaler, “Stellar Interiors” (the latest edition of this book is
Hansen, Kawaler, & Trimble), mostly Chapter 3.

White dwarf mass-radius relation compared to observations: Provencal et
al. 1998, ApJ, 494, 759

Neutron star mass-radius relations: Lattimer & Prakash 2001, ApJ, 550,
426

Mass-radius relations for low mass stars and planets: Deloye & Bildsten
2003, ApJ, 598, 1217; Fortney et al. 2007, ApJ, 659, 1661
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3. Compressible Fluids

Sound waves. Sound speed ¢2 = (0P/0p). Adiabatic sound speed c? =
v P/p, isothermal sound speed c¢2 = P/p. Dispersion relation w = +c k.

Waves in a magnetized fluid. The Alfven velocity va = B//4mp. Fast
magnetosonic wave (compressible wave across field lines) w? = k2(c2 + v%).
Slow magnetosonic wave (compressible wave along field lines) w? = k2c2.
Alfven wave (transverse wave restored by magnetic tension) w? = v%k‘?

General solution to linearized wave equation. dp = f(x — ct) 4+ g(z + ct).

Characteristics for compressible flows. Riemann invariants for isentropic
flow Jy = u+ [dP/pcs = u £ 2¢/(y —1). Along a C characteristic, J
is constant, and J_ determines the shape of the curve (vice-versa for C_).
The example of a piston moving into a shock tube. Formation of shocks.

Shock jump conditions derived from conservation laws. The density contrast
as a function of Mach number M = u;/c;. A strong shock (M? > 1) has

w_p v+l

ug  pr y—1

which is 4 for v = 5/3. The entropy increases across the shock as energy in
bulk motion goes into internal energy. Radiative shocks. Isothermal jump
conditions. Thin, slow moving shell associated with radiative shocks.

Self-similar flows. Sedov-Taylor solution for a spherical blast wave. Con-
stant pressure, low density interior. Most of the mass is behind the shock.
Application to supernova remnants. Three phases of SNR evolution: bal-
listic phase, energy-conserving self-similar phase, snowplough momentum-
conserving phase.

Transition from subsonic to supersonic flow. There is a maximum mass flux
density in a 1D flow, which occurs at the sonic point. Subsonic flow has
increasing flux with increasing velocity; supersonic flow has decreasing flux
with increasing velocity. The de Laval nozzle. Using Bernoulli’s principle
to calculate the velocity as a function of pressure. Blandford & Rees (1974)
application to outflows from active galaxies.

Spherical accretion and winds. Bondi-Hoyle accretion rate

M~ 7"'((;]\4)2/700/020



or for moving star .
M =~ 1(GM)?pos J0?

Parker’s solution for the solar wind.

Relativistic hydrodynamics. Energy momentum tensor

Wo Vv
T = “’“62“ + Pyt

where w = e+ P is the enthalpy, e is the energy density, and P the pressure,
all measured in the rest frame of the fluid element. The four-velocity is
ut = ~(e,u), n* is the metric.

Sound waves. The sound speed is ¢2 = ¢?(de/OP)s. For an ultrarelativistic
gas, this is cs = ¢/V/3.
Bernoulli’s constant for relativistic flows is yw/n.

Relativistic shocks. In the frame of the shock, matter flows into the shock
with 3 ~ 1—1/2I'? and leaves with 3 = 1/3. In the frame of the undisturbed
fluid, the postshock material has 45 = I'/v/2. The (rest frame) density
increases by a factor ~ I' across the shock. The energy density increases by
a factor I'? across the shock.

Reading
Choudhuri Chapter 6.

The best places to look for a discussion of characteristics and shock devel-
opment are:

Landau & Lifshitz, Fluid Mechanics (Course of Theoretical Physics Volume
6)

Zeldovich & Raizer, Physics of Shock Waves and High Temperature Hydro-
dynamic Phenomena

Blandford & Rees (1974) AGN outflows as relativistic de Laval nozzles
For a start on radiative shocks, see Shu’s volume 2.
Taylor’s two papers are (1950) Proc Roy Soc London A201, 159

Models of supernova remnants: Mansfield & Salpeter (1974) McKee (1974,
reverse shock), Chevalier (1974)



Spherical accretion and winds: it’s really worth reading the original pa-
pers, especially to get the motivation and context. Bondi (1952), Hoyle &
Lyttleton (1939), Parker (1958)

There is a brief discussion of relativistic hydrodynamics in Choudhuri, but
see Landau & Lifshitz Chp XV for a good treatment.

Blandford & McKee (1976) Phys Fluids give jump conditions for relativistic
shocks, and derive self-similar solutions for a relativistic blast wave.
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4. Oscillations and Instabilities

Eulerian and Lagrangian perturbations. Af = df + &£-V f. Velocity pertur-

bation Au = DE/Dt. The perturbed continuity equation is
A
=V =V ()

valid for a static background or when there is a background flow.

Surface gravity waves in an incompressible fluid. In the deep limit k| H > 1,
the wave frequency is given by w? ~ gk , and the motions are approximately
circular, £, =~ £,. In the shallow limit k| H < 1, the wave frequency is
w? ~ gk? H, and the motions are mostly horizontal, £,/¢, ~ (kL H) < 1.

Oscillations in a stratified fluid. The Brunt-Vaiséld frequency or buoyancy

frequency N, given by N? = —gA with

_dlnp 1dlnP

A
dr v dr

The propagation diagram for the modes. p-modes are high frequency (w >
cski, w > N) modes with w ~ c¢sk, g-modes are low frequency (w < N,
w < ¢sk ) modes with w ~ N (k) /k).

Convective instability occurs when A > 0 or N2 < 0. This is the Schwarzschild
criterion for convection. In terms of temperature, instability occurs if

dinT

amp > Ve

or if entropy decreases outwards (direction opposite to gravity).

Interchange and Parker instability, The idea of magnetic buoyancy. An
isolated flux tube is buoyant with respect to its surroundings. The MHD
energy principle as a way to assess stability.

Shear instabilities. Rayleigh’s inflexion point theorem d?U/dz? must change
sign somewhere in the flow. Fjortoft’s theorem that the vorticity must
have a maximum. Howard’s semicircle theorem that somewhere in the
flow the phase velocity of the unstable mode equals the fluid velocity. In
a stratified fluid, Ri < 1/4 for instability, where the Richardson number
Ri = N?/(dU/dz)? compares the work done against gravity to the energy
available in the shear.



Reading

Choudhuri Chapter 7 and parts of Chapter 14 (for discussion of magnetic
buoyancy and Parker instability).

Two classic books on stellar pulsations are J. P. Cox (1980) “Theory of
Stellar Pulsation” and Unno et al. (1989) “Nonradial Oscillations of Stars”

Two classic books on instabilities are “Hydrodynamic and Hydromagnetic
Stability” by Chandrasekhar, and “Hydrodynamic Stability” by Drazin and
Reid.

The onset and non-linear development of convection is covered in books on
stellar structure and evolution, e.g. “Stellar Interiors” by Hansen, Kawaler,
& Trimble.

I included some plots from “Lecture Notes on Stellar Oscillations” by J.
Christensen-Dalsgaard which you can find on the web.

Papers on the MHD energy principle and interchange/Parker instabilities
are Bernstein et al. (1958), Greene & Johnson (1968), Newcomb (1961),
Parker (1966).

Shear instabilities: Miles, Howard, Chimonas



