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Sigma models in d=2

The (1,1) analysis by Gates Hull and Rocek gives:

Susy | (0,0)(1,1) | (2,2 (2,2) (4,4) (4,4)
Bgd G,B G G,B G G,B
Geom Riem. Kéhler | biherm. | hyperk. | bihyperc.

U. Lindstrom Superspace is smarter



Bihermitean Geometry

(M7 g7 J(i)? H)

J(zi) =-1, J(fi)gJ(i) =g, V(i)J(i) =0

A =r0+lg'H, H=dB.

E=9g+8B
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Generalized Complex Geometry

Complex structure:
J € End(TMa T*M),  J2 = —1

Ne=3(1+J)
“Nijenhuis”:
Ne(J)=0 <« MNgNLU,NLV]e=0
where

:(U7£)a V:(V,p)

[U,Vlc = [u, V] + Lup — Lv§ — (Zup —w)

The automorphisms of this courant bracket are
diffeomorphisms and b-transforms:

eP(u,&) = (u, € +wb), db=0.



Symplectic

Complex

Generalized Complex
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Bihermitean=Generalized Kahler

Descriptionon T & T*

Jia=-1, WUndel=0, JioTdua=1, 9:=-IJnle

Ji2) =
( 1 0 ) J(+) + J(_) —(w(_J:) F w(_J)) ( 1 0 )
B 1 Wy Fwey Uy EI0) -B 1
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Collaboration
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Generalized Kahler Potential

Geometric data: (M, g, H, Ji4)) or (M, g, Ji+)) or (M, F(), J+))-
In each case, there is a complete description in terms of a
Generalized Kéhler potential K. Unlike the Kahler case, the
expressions are non-linear in second derivatives of K. E.g.,

J 0
Jo) =
(Kir) U, K]l (Kir) 'UKig
9 = QJ4), I

Fy=dA4) s Awye = iKrd(Kir) 'K ...
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Generating function

There are two special sets of Darboux coordinates for the
symplectic form Q. One set, (X,Y),), is also canonical
coordinates for J ) and the other set, (XA, YRg) is canonical
coordinates for J_y. The symplectomorphism that relates the
two sets of coordinates has thus a generating function. This
generating function is in fact the generalized Kahler-potential

K(XL xA).
(XL,YL) < K(XL7XR) — (XH,YH)
i 0 i 0
J<+):<0 —i> J<>:<0 —i>
dQ = dX! AdY, + c.c. dQ=X"AY,+c.c

This fact is a key ingredient in the proof that we have a
complete description or GKG.
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d=2,N=(2,2)

S= [ DyBiD_B_K(e, !, X4, X7)

Constrained superfields:

Dy¢? =0
Dyx* =D_x% =0
D.X=0
D_X'=0

Notation: c:=a,a, t:=4&,@, L:=0{(, R:=r
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Superspace encodes and dictates
all the geometric formulations
of Generalized Kahler Geometry

Modulo Irregular Points!!!
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Some Results

@ A complete coordinatization of GKG away from irregular
points.

@ GKG has a Generalized K&hler potential K.

@ The non-linearities in the description of the geometry has
found an interpretation as a quotient construction from an
auxiliary higher dimensional space with Kac-Moody
symmetries.

@ We introduced and studied the notion of a biholomorphic
gerbe with connection.
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@ We studied the local conditions for a generalized Kahler
manifold to be a generalized Calabi-Yau manifold and we
derived a generalization of the complex Monge-Ampere
equation to describe this. Its solutions give solutions of
type Il supergravity with metric, dilaton and H-field. This
result also relates the pure spinor formulation of GKG to
the generalized Kahler potential.

“The Quantum geometry of N=(2,2) nonlinear sigma models’
Marcus T. Grisaru, M. Massar, A. Sevrin, J. Troost. Phys.Lett.
B412 (1997) 53-58.
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@ The appropriate connections for gauging sigma models
describing GKG have been constructed. Ingredients in
T-duality.

@ The various definitions of GKG corresponding sigma
model formulations. This is seen, e.g., in the (2,1)
formulation we presented.
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