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ANOMALIES IN SUPERSYMMETRIC THEORIES

M.T. Grisaru
CERN, Geneva, Switzerland and

Brandeis University, Waltham, MA, USA

It was pointed out some time ago by Ferrara and Zuminol) that

in a supersymmetric theory the axial current j:, the improved
energy-momentum tensor euv and the improved supersymmetry current
Su can be identified with the components of a superfield VU’ so
that an intimate relation exists between them. At the classical
level this superfield satisfies certain relations reflecting the

conservation and trace relations (modulo mass terms)

'D,.,S'”:’b’._e"'"___o (1)
dp 3 =0 (2a)
G: = 'br_(x\,G’”) =0 (2b)
‘("Srz ’br_ (v.x SF)=zo (2¢)

We note that the improved supersymmetry current is obtained by add-
ing terms to the Noether current so as to satisfy Eq. (2c) while

maintaining Eq. (1)1).
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The form of the chiral current follows from the chiral properties

implicit in Eqs. (4).

We look at one-loop matrix elements of the above quantities
between the vacuum and states of the vector multiplet (A,vu).
The anomaly of jz is the usual chiral anoma1y6)

from the diagram of Fig, la. Only the spinor part of the current

, as obtained

contributes,

The spinor current anomaly can be calculated from the dia-

grams in Figs., (1b), (l¢) (1d)
5)

7), while the trace anomaly is known

also One finds, with the external fields on shell:
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Fig. 1 : Diagrams for one-loop chiral and supercurrent
anomalies,



Marc has clarified several times long-standing problems
and confusion by using new (and old) methods of
regularization and computation. One such problem is the
“anomaly puzzle".

Toni Rebhan, Robert Wimmer and I have studied the past
15 years the one-loop quantum corrections to the mass M
and the central charge(s) Z of solitons: susy kinks,
vortices, and N=2 and N=4 monopoles.

We have constructed a new regularization scheme for
these systems (and more general systems) which gives BPS
saturation (MM=ZM). The corrections to Z1 looked like an
anomaly, but the usual susy current, and thus also the
central charge current, is conserved (free from anomalies).

For solitons, problems with R. gauge in superspace

Loy = (D% + D% Y cbvor) (D% -~ Dzé Y cz_ﬁvor)



Following FZ who found for the N=1 WZ model
D Joe = DyS

one can begin with an “early easy” anomaly (the
chiral anomaly in their case), and get the other
anomalies from susy. Since #Ju is the conformal
susy current, there is also a conformal central
charge current, and the question arose:

Is Z() equal to the anomaly in a conformal
central charge current?



We began with the susy kink in d=2. But then we moved to N=2
monopoles in d=4 and here we found problems with the N=2 anomaly
multiplet. Our explicit calculations for various anomalies (chiral
anomaly, susy anomaly) did not agree with what the currents of the
N=1 formulation (Grisaru-West and Grisaru-Milevski-Zanon)
predicted. We are led to the following conjectures:

Conjecture 1:The N=2 current multiplet and anomaly multiplet
contain extra terms beyond those provided by the corresponding
manifestly N=1 susy formulation.

Conjecture 2:The N=1 superspace results as they now stand, cannot
be extended to a full N=2 superspace formulation.



BPS and anomalies for the susy kink.

L=—3[(80) + 98y + U+ U 9]

The susy current  Ju = —(Po+U )7 transforms into the
stress tensor and the central charge current

§j, = —2T, e —2(yze  with  Cu=€u0°U
A u? + Ap2\’
where %U2=Z<902— : )

M®z0 from H = / Oz 0)* /a 002+ .

About the 1-loop quantum corrections to C;:
« Zero because total derivative? No.
« Zero after detailed calculation? Yes.




But MMz 0. So where is Z(1?

Answer: the (1,1) susy WZ model ind =1+ 1 is also a susy model
ind=2+1.

Go to 2 + 1 dimensions, keep the soliton in one dimension, and do
dimensional regularization in the other dimension. (In
dimensional reduction there is no space for the soliton). This
preserves susy, but no need for evanescent terms efc...

{(F.Q*}=H=(Z:-P) , {Q,Q }=PR+Z
P = @0mp — %"E’Yoamw 7 Zm = U(0)Omep

S0Z,.,=Z, - P, Then<solitons | P, | solitons > gives Z, (@'



Details: (9, + U s = (B —0,)1h-
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The zero mode ¢,(x) becomes massless right-moving chiral domain wall
fermions!

<P y>fermions — /
5 [ oot | o (8@ = @) dzdy

) (27{')% 2T \/m - ~
| . . 2m
from index theorem or directly : k2 1 m2



Dimensional reduction and the kink

Cf Grisaru, Zanon, Cambridge 1985

J¥ = as before. Problem: y#j, = O (+ explicit breaking).
Solution: renormalization requires an evanescent counterterm for
j#, which in turn gives the anomaly.

= /Q -+ f = 0 (From no tadpoles ug = 1’ + Ap?)
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But < = — Y =7,
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Now use susy to get corrections to central charge:

- A vyl
Cdiv _ 5M B a U
5 € Y A

But this is finitell Because

A

i = & S Pt
p o =€€u, +0,7ex, and 6,70°U =0

Sy

Lesson: begin with “early easy” current. Then use susy fo get
corrections to higher currents.



Variation of £j, gives T,,2" and
FO B = gP £, (" + the conformal central charge current.

Since 9,7 " =¢,,(" we see that:

The anomaly in the conformal central charge current is equal to
the finite one-loop correction to the ordinary central charge

current.



Results for vortices:

N =2 susy vortexind=2+1fromN=1ind=3+1
No divs in odd dims in dim. reg.

*Vanishing tadpole condition yields finite renormalization

Ov2 of Viiges: Q—f- Q + X =0

Difference of spectral densities for bosons and fermions p(k?)
vanishes in this case, so M) due to dv2.

*Again Z,,, = Z + P,, but now <P.> = O due to p(k®) = 0.



But the modes for the Higgs fluctuations get an extra phase
factor e from the long-range massless QED background gauge
field for the vortex solution. And £ = / Ok (5k€ C@)

with Co = ...+ @' Do

21
yields / dOn'0yn = 2mn(n'n), Lo = 21N 02
0

So: no anomalies, but still MO =ZMD 20



Results for monopoles:

N=2 case: as kinks

* M= zero point energies + boundary terms
i) iy
Ap(k?) 2 O from index theorem zero

 Z factors for M = 41v,y/g,. Use renormalization theory for
background field method.

» Again Z®) from <P,>. BPS holds



N = 4 case: expect M= Z =0, Correct, but...
Zero point energies = 0. But boundary terms #z O and divergent!

Ordinary renorm. of no help (all Z
does help:

= 1), but extra-ordinary ren.

3 (Zimp o 1)Ajllfnp

. L .'LL oIL[, ==
]'u — (]imp o A.]imp) %

The improved currents are finite,

but the improvement terms

renormalize muliplicatively as composite operators.

Then BPS holds again.



19.5  Anomalous Breaking of Scale Invariance 685

AR O+ e O

Figure 19.10. One-loop diagrams contributing to the anomalous trace of
onv,

19.10 cancel: These diagrams have the same structure, since the first has an
extra propagator and an extra factor p from the operator matrix element, and
opposite overall signs.

The first term on the left-hand side of (19.159) is unexpected, since
it apparently vanishes in four dimensions. However, the fermion loop dia-
gram is divergent, and in dimensional regularization, this introduces a factor
1/(2 - d/2). As a result, this diagram gives a nonzero contribution to the op-
erator matrix element. In massless QED, the fermion loop diagram has the
value

4 .
NON‘ = —1(k2gh - KK rmya (T2=1) + (Bnite)).  (19.160)

Then the complete expression for the third diagram in Fig. 19.10 s

d'k A=A\ 2 s =i g 4 1
/(211)‘ AuR)(-235) kg — oy 1z (~ik Wiy 7= a73) 0
(19.161)
This is of the form of (19.158), with
1
= —_— 19.

a7 (19.162)

which is indeed the first B function coefficient in massless QED,

This discussion generalizes 10 QCD and other gauge theories. In a non-
Abelian gauge theory, @ js given by the obvious generalization of (19.150)
with the Abelian field-strength tensor Fl replaced by the non-Abelian ex-
pression F2,. The trace of @+ is again given by

4

-d
04, = - ; (F2,)2, (19.163)
plus terms that vanish by the equations of motion. In the background field
gauge, the one-loop diagrams with the operator ©¥, inserted into the loop
cancel as above. We saw in Section 16.6 that the two-point functions in this
gauge sum to

I . —bo ~
= —(k2gh¥ _ Jtipue — -4
N\ ’M ik g9 KR )[(4”)21(1'(2 2)+ (hmle)). (19 l64)
where 3(g) = —bog*/(47)? Following through the logic of the previous para-

graph. we again find the result (19.158) with the identification of €' as the
first 4 function coefficient.



Anomalies in N=2 SYM
N=2 Multiplets

ngj _ Lzy D’Lj _ DiaDgé _ Djz
J =atr WW (reala)

LY = (Dij tr W2 + DY tr WQ)



N=1 multiplets

D*Jos = Do X

Jos = (=% [Da, D4 | + DiDss) J
X =L*=D*1tr W2| + D* tr W2|

= WW, + ¢D?¢ + D tr W?
iy il iy
N=1SYM  N=Ichiral EXTRA!
anomaly anomaly

multiplet multiplet



General questions

1) Is there path integral derivation of
anomalies for proper graphs?

2)What if the anomaly contains part of a
field equation?



References to our work on susy solitons

1) No saturation of the quantum Bogomolny: bound by two-dimensional supersymmetric solitons
By A Rebhan, P van Nieuwenhuizen.
Nucl Phys B508 (1997) 449-467

2) Topological boundary conditions, the BPS bound, and elimination of ambiguities in the quantum
mass of solitons

By Horatiu Nastase, Misha A. Stephanov, Peter van Nieuwenhuizen, Anton Rebhan.

Nucl Phys B542 (1999) 471-514.

3) Mode regularization of the SUSY sphaleron and kink: Zero modes and discrete gauge symmetry
By Alfred Scharff Goldhaber, Andre1 Litvintsev, Peter van Nieuwenhuizen
Phys Rev. D64 (2001) 045013

4) Local Casimir energy for solitons
By Alfred Scharff Goldhaber, Andre1 Litvintsev, Peter van Nieuwenhuizen.
Phys Rev. D67 (2003) 105021

5) One loop surface tensions of (supersymmetric) kink domain walls from dimensional
regularization

By A Rebhan, P van Nieuwenhuizen, R. Wimmer.

New J Phys. 4(2002) 31.



7) The Anomaly 1n the central charge of the supersymmetric kink from dimensional regularization
and reduction

By A. Rebhan, P. van Nieuwenhuizen, R. Wimmer.

Nucl . Phys. B648 (2003) 174-188.

8) Quantum corrections to the mass and central charge of solitons in (1+1)-dimensions
By A.S. Goldhaber, A. Rebhan, P. van Nieuwenhuizen, R. Wimmer.
hep-th/0211087.

9) Comment on “One loop renormalization of soliton quantum mass corrections in (1+1)-
dimensional scalar field theory models' (Phys. Lett. B542 (2002) 282 [hep-th/0206047]
By A. Rebhan, P. van Nieuwenhuizen, R. Wimmer.

Phys.Lett. B552 (2003) 17-20.

10) Nonvanishing quantum corrections to the mass and central charge of the N = 2 vortex and BPS
saturation

By A. Rebhan, P. van Nieuwenhuizen, R. Wimmer.

Nucl.Phys. B679 (2004) 382-394.

11) On the nature of the anomalies in the supersymmetric kink
By Kazuo Fujikawa, Anton Rebhan, Peter van Nieuwenhuizen.
Int.J Mod.Phys. A18 (2003) 5637.



12) A New anomaly in the central charge of the N=2 monopole
By A. Rebhan, P. van Nieuwenhuizen, R. Wimmer.
Phys.Lett. B594 (2004) 234-240.

13) The Casimir effect for SUSY solitons
By Anton Rebhan, Pieter van Nieuwenhuizen, Robert Wimmer.
hep-th/0401127.

14) Quantum corrections to mass and central charge of supersymmetric solitons
By Alfred Scharff Goldhaber, Anton Rebhan, Peter van Nieuwenhuizen, Robert Wimmer.

Phys.Rept. 398 (2004) 179-219.

15) New developments in the quantization of supersymmetric solitons (kinks, vortices and
monopoles)

By Anton Rebhan, Peter van Nieuwenhuizen, Robert Wimmer.

Braz.J Phys. 34 (2004) 1273-1287.

16) BPS saturation of the N=4 monopole by infinite composite-operator renormalization
By A. Rebhan, R. Schofbeck, P. van Nieuwenhuizen, R. Wimmer.
Phys.Lett. B632 (2006) 145-150.



17) Quantum mass and central charge of supersymmetric monopoles: Anomalies, current
renormalization, and surface terms

By Anton Rebhan, Peter van Nieuwenhuizen, Robert Wimmer.

JHEP 0606 (2006) 056.

18) Boundary terms in supergravity and supersymmetry
By Peter van Nieuwenhuizen, Anton Rebhan, Dmitr1 V. Vassilevich, Robert Wimmer.
Int.J.Mod.Phys. D15 (2006) 1643-1658.

19) Perturbative Quantum Corrections to the Supersymmetric CP**1 Kink with Twisted Mass
By Christoph Mayrhofer, Anton Rebhan, Peter van Nieuwenhuizen, Robert Wimmer.
JHEP 0709 (2007) 069.

20) Quantum corrections to solitons and BPS saturation
By A. Rebhan, P. van Nieuwenhuizen, R. Wimmer.
arXiv:0902.1904 [hep-th].

22) One-loop results for kink and domain wall profiles at zero and finite temperature
By Anton Rebhan, Andreas Schmitt, Peter van Nieuwenhuizen.
Phys.Rev. D80 (2009) 045012.



